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Absiraet. Threshold-linear (graded response) umts approximate the real firing behaviour
of pyramidal ncurons in a simphfied form, suited to the analytical study of large au-
toassaciative networks. Herc we extend previous resulls on threshold-linear networks
1o a much larger class of models, by considening different connectivities (including full
feedback, highly difuied and multdayer feedforward architectures), different forms of
Hebbian learning rules, and different distributions of firing rates (includmg realistic,
continuous distnbutions of rates). Ths allows an evaluation of the main factors which
may affect, i real cortical networks, the capacity for storage and retrieval of discrete
firng patterns.

In each case a single equantion is denved, which getermines both o, the maximum
number of retnievable patterns per synapse, and Jfn, the maximum amount of retrievable
mformation per synapse. It is shown that:

1. Non-specific effects, such as those usually ascribed to inhibitior, or to neuromodulatory
afferents, alter the overall respense, but do not affect the capacity for retnieval,

2. The crucial parameter which affects o 15 a, the sparseness of the neural code. Results
previously obtained with bnary distnbutions of rates are shown to hold mn general,
namely that as @ — 0 (sparse coding) e grows proportionally to (aln(1/e))™, wiite
Iy depends oply weakly on a.

3. When the coding is sparse, o and Jn become independent of the connectivity, and
in particular the relative disadvantages of fully connected feedback networks, which are
prominent with non-sparse codes, disappear.

4. The precise form of the distribution of rates, and that of the learning rule used, turn
out to have rather limited effects on o and Iy, It is to be noted, however, that when
non-binary patterns are stored using nonfinear learming rules, such as those possibly
modelling the action of NMDa receptors, information distortion occurs in retrieval, and
results in a marked decrease of In.

These resulls may be applied to help understand the organization of a specific network

in the hinnonamnus thnnoht to nnarate ag an autoassomative memory,
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1. Introduction

Simplified formal models of associative memory neural networks [51,31,32,27,30,25)
produce, when analysed with statistical techniques [6, 4], potentially useful quantitative
results. One needs, however, to know whether the results carry over to more realistic
situations, before applying them profitably to study those networks in the brain which
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372 A Treves and E T Reils

are presumed to be involved in memory. We attempt a step in this direction, focusing
on autoassociative memory, and on quantities measuring the capacity for retsicval.
These quantitics are less likely than others to depend drastically on the details of
neuronal dynamics, but it has not been clear, 5o far, to what extent they depend
on other features of real networks, and on the way those featores are represented,
simplified, or neglected altogether in formal network models, In particular:

» Experimentally observed distributions of firing rates are contmuously graded, in
contrast with the (essentially) binary distributions emetging in those models in
which neurons are represented as binary units [34). Does this discrepancy make
the binary models irrelevant? What are the mformat;on capacities of networks
with continuous distributions of ratgs?

e Which characteristics of the biophysical mechanism of synaptic plasticity are (com-
putationally) crucial?

e What is the trade-off between fully distributed and sparse coding of memories in
autoassociative nets? Is it of the type indicated by the simplest binary models?

e The same autoassociative memory functions can be implemented by very different
patterns of connectivity. How do the various ‘architectures’ compare quaniita-
tively? How important is the role of excitatory feedback loops? And in general,
is # essential to model the detailed connectivity in order to estimate the memory
capacity? -

The approach we take is 10 study how the capacity varies within a class of models,
in which we have introduced those elements of biological realism that are necessary in
order to address the above _questions; while retaining the simplicity which allows full
analytica! control. The way the compromise between biological fidelity and analytical
tractability is worked out, especially at the level of modelling single neurons, is
discussed in section-2, Section 3 proposes formal representations suited to evaluate
the effects of different connectivities, of different memory codes, and of different
learning mechanisms. ‘The analytical résults for the storage capacxty of the network
are presented in section 4,-and their implications are discussed in section 5. The
conclusions we arrive at will be put to actual use in a companion paper [49], in which
we argue that they are instrumental in Telating a neurobiological hypothesis (that a

network in the hippocampus functions as an autoassociative memory [39]) to a series
of experimentally testable nredmtmm

2. Real systems and models

2.1. Autoassociative systems in the brain

The models we consider are motivated by the attempt to better understand the or-
ganization of those systems-in the brain, which have been hypothesized to function
as autoassociative memories. These include the recurrent colfaterals of the CA3 net-

 work in the hippocampus and the system of collateral connections between nearby

pyramidal cells of neocortical association areas [31,32,38]. The.hypothesis that the
hippocampus includes, in its CA3 system, an autoassocjative network important in
episodic memory has been desanbed elscwhere 38,40, In the case of neocortical
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collaterals, on the other hand, a possible autoassociative memory role should prob-
ably be set in the wider context of the much more complex, and yet largely to be
understood, types of processing occurring in neocortex.

Both in CA3 and neocortex, the great majority of neurons are pyramidal cells [37],
and the memory traces are considered to reside in the modification of the efficacies
of the excitatory synapses between pyramiGal cells. In fact, in formal studies of
associative memory [51,22,30,27,25), it is pyramidal cells, only which are included
in the model networks. One elemient of realism we introduce, here, is an effective -
representation of a presumed regulatory role of inhibitory neurons, expressed as a
non-specific modulation of the activity of pyramidal celis.

The information t0 be stored in the memory is considered to be coded as patterns
of firing activities of pyramidal cells. The spatial resolution of the code is that of a
single cell, and its temporal resolution, in the order of tens of ms, is taken to convey
the firing rate, rather than the time of emission of individual spikes. This assumption
does not exclude, of course, the possibility that much finer temporal encoding may
be used as well in the brain, for example, earlier on in the seasory pathways [23], In
paralle], retrieving the stored information is taken to involve the evolution of each
cell's rate in response to an ongoing, temporally rather coarse integration of many
synaptic inputs, a process lasting in the order of 2 hundred ms or so. Again, this
does not exclude that much faster processing may occur concurrently, or even that a
substantial fraction of the same stored information be retrieved by the first few spikes
[50].

In the case of CA3, it has been suggested that cach distinct firing pattern codes an
episodic memory [38], or the association of contextual information, which has already
been processed extensively along various cortical pathways. Such information is given
a unitary representation in terms of the firing pattern of a simple interconnected
population, the CA3 pyramidal cells. In the models, a given set of units i8 taken
to comprise a network, and its intrinsic connections store a discrete set of memory
items. A crucial assumption is that the system is supposed to be able to retrieve each
individual item, or firing pattern, when stimulated with an adequate partial cue. This
occurs as the state of the network, defined as the list of instantaneous activity rates,
dynamically cvolves towards an attractor state [4]. The retrieval of each memory
is thus implemented by a dynamical attractor. The present analysis is only directly
concerned with this retrieval operation (whereas the storage of the information will
he considered elsewhere [49]) and with the conditions that enable it, independently
of the systems’ level function subserved by such cued memory retrieval (a function
which may be different between hippocampus and neocortex).

'22. Neuronal current-to-frequency transduction

A crucial element jnvolved in specifying the model is the (activation) function de-
scribing the input-output relation at the single neuron level. The input, heze, is a
real variable h representing the total synaptic current entering the cell, when it is
subject to an asynchronous barrage of individual EPsps and 1pses. The output is a
positive variable V, representing the instantaneous, or short-time averaged, firing
rate of the cell. The relation of interest between the two is the one occurring in the
long-time limit, when the cell has had time to adjust its output to a quasistationaty
average input. It is in this limiting ‘static’ condition, after transient effects have died

out, that attractor states are characterized in the present analysis. For the attractor

dynamics to sens:b]y repr&sent memory retrieval, one has to requlre a posteriori that
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cells approach their long-time limit behaviour within a psychological time scale of a
few hundred ms.

The most direct experimental model of a macroscopically quasistationary asyn-
chronous synaptic barrage is a long, constant current pulse injected into the cell
bodyt. The resulting pattern of axon potentials has been studied in vitro for pyra-
«rdc? cells from a variety of cortical regions, Data are usually presented as a series
of current-to-frequency curves, each giving the instantaneous frequency, defined as
the inverse nth inter-spike interval, as a function of injected current. For regular
spiking pyramidal cells, in the long-time (large-n) limit one reaches an adapted firing
state, given by a curve which rises from zero at a given threshold, and then is often
appgg}j_@_agg}y linear [24]. Sample values for the slone are 34+ 18Hz nA~? for CA1
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pyramids in guinea pigs [29], 56 £ 14Hz nA~? for layer 2/3 pyramids in cat visuai

" cortex [33], and 56 = 27Hz nA~? for human neocortical pyramids [9]. The approx-

imately linear range typically extends with no marked saturation effects throughout
the repion in which, as it appears from studies in vivo, cells normally eperate (up to
10 Hz in CA3, 160 Hz in neocortex).

It seems, therefore, that a simple formal representation of regular spiking be-

haviour in the iong-time limit could be effected by a threshold-linear transfer func-
tiom,

g(h-T,,) R>T,
V= T 1
{0 h< T, @)

as shown in figure 1.
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Figure 1. Threshold-linear dependence of the adapted firing rate on the miegrated mput

current; (2) sample experimental data (from a fayer 2/3 pyramidal cell in rat visual cortex
[33%; (b} model.

Clearly, more sophistication would be required in order to model bursting be-
haviour or intrinsic cscillatory properties. While these are common phenomena,
particularly in the hippocampus, it is possibly more important to take them properly
into account while considering information storage rather than retrieval. On the other
hand, the threshold-linear representation has the merit of modeliing the two most

1 Although it does mot reproduce conductance changes affecting the cell in viv, particularly those
associated with the fime course of inhibitary processes. . .
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clearly present features of long-time adapted firing, namely the threshold effect and
the graded response above threshold. It does not model saturation, which appears
to occur at rates above those typical, in the adapted state, of ‘normal’ physiological
regimes. It has the theoretical merit of its sheer simplicity, which allows extensive an-
alytical understanding at the network level. Finally, it involves just two cell-dependent
parameters, the gain g and threshold T}, corresponding to readily measurable char-
acteristics of real cells. In the following network models, for simplicity g and T,
will not be made to mode! cell-to-cell variability, but considered uniform throughout

the nonnlatinn
LIS popumialion,

2.3. Integration of synapiic inputs

The total input to a given cell kas been expressed as a current, yet the fundamental
vatiables involved in synaptic action are ionic conductances. In relating the two, it is
important to distinguish between different types of input. The type which, in these
particular systems, is directly associated with memory retrieval is the one mediated
by the modifiable synapses between pyramidal cells, where memory is thought to be
stored. Neglecting aciive dendritic processes and considering each cell as electroton-
ically compact, this input can be approximately described by a linear summation of
individual synaptic terms. The contribution of each term, when averaging over a short
time rather than considering the effect of single spikes, is proportional to the firing
rate V' of the presynaptic cell, and the proportionality factor, or synaptic efficacy, is
here denoted as J. Assuming that this type of input comes to a particular cell from a
set of C' other pyramidal cells, and that each makes a single synapse, a component of
the integrated current will therefore be 2 i1 J;; V;- 1t is useful, however, to separate
out in each eﬂicacy J the part which specnﬁcally encodes stored memory, that is the
modification in the synaptic efficacy, J*, due to associative learning, This leads to the
expression

c
h, = Z:ijvJ + (non-specific terms). 2
=1

Note that while J is a positive number, the change J°% and hence the relative
contributions to &;, can be positive or pegative.

Additional specific inputs may come from outside, i.e. from cells which are not
part of the autoassociative network under scrutiny. To leave open the possibility of
modelling, for example, afferent stimulation which contributes in directing memory
retrieval, it is useful to consider a further component Ah; to the mput current, which
is assumed as extemally assigned for each cell

Non-specific inpats may come from a variety of sources, and in the mode! wiil ali
be lumped together into a third component, b;, of k;. The contributions subtracted
above, from the non-learned baseline component of modiﬁable synaptic efficacies, will
be pooled in the b term together with excitatory inputs mediated by non-modifiable
synapses. In addition there will be inputs from a variety of inhibitory interneurons,
non-specific neuromodulatory afferents, and so on. The effect of most of these inputs
wiil be more complex, in real life, than just addmg an additional term to the synaptic
current; for exampie, they will affect the gain g of the adaptive firing curve. This
situation is sometimes summarized by referring to subtractive and divisive inhibition.

Now, the individual firing of mhabxtory neurons and the strengths of their synapses

* to pyramidal cells are of no interest in the model inasmuch as they are assumed to
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carry no specific information, and in fact are not explicitly represented. Their average
firing level, and therefore their effect on pyramidal cells, will depend nevertheless on
the firing activity of pyramidal cells. The approximation will be made to consider this
effect, and that of the baseline excitatory cfficacies as well, as dependent only on the
average firing level of the same set of C cells that give inputs to a given cell, i.e. on
the sum

X =

v;. 3

o=
:'Mn

H
HiA

J

As a further approximation, for il cells the dependence on X will be given the same
form, specified by a certain function b(X') added to the input current.
The final form for the input current will therefore be

c
h, = 5_‘; ISV, + Ak, + 5(X,). 4

It should be noted that b{ X') may have a highly nonlinear form, modelling features
of inhibitory action}; however, it is a special virtue of models using threshold-linear
units [47] that the specific form is irrelevant to the performance of the associative
memory, as analysed in the rest of this paper. As it turns out, it only contributes to
determine the overall response level of pyramidal cells, but not the way the response
is distributed in relation to the information stored in memory. It should finally be
noted that, although different assumptions could be used, assuming uniformity in the
form of these non-specific effects minimises noisy cell-to-cell fluctuations, and thus
allows exploration of the conditions of optimal information retrieval.

3. Exploring different models

3.1. Architectures

In modelling the pattern of connectivity among principal cells, we study a number
of limiting schemes, with the idea that from the comparison among the extremes
it is possible to obtain information on general, less clearcut, cases. The first limit
considered, model M1, is a network of N units, in which each unit receives inputs,
through modifiable symaptic links, from every other unit. The number of modifiable
synapses onto each unit is thus € = N — 1. In addition, all units can receive
inputs and transmit their output to and from both the surrounding environment and,
through non-modifiable links, a population of interneurons. This feedback architecture
is represented in the top left corner of figure 2. It is the one considered in conjuction
with linear units by Kohonen {27], with binary-threshold units by Little [30] and
Hopfield [25], and with binary synapses and diluted connectivity by Gardner-Medwin
[22). A common theme of these studies has been to show that memory traces can be
stored in the efficacies of the synapses on ihe recurrent collaterals in such a way that
the network is able to retrieve an activity pattern when presented with a partial cue

t Also the gain g might be modelled to be a complicated function of X.
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Figure 2. Schematic representation of the
three himiting architectures used in the anal-
ysis. In the three diagrams at the top, exter-
nal nputs come to the networks from above,
and outputs leave from below. The dot-
ted arrows in the bottom diagram illustrate
the way the schemes relate o usual quali-
tative descriptions, while the full arrows are
in the direction of wcreasing capacity {see
later text). Also indicated are mtermediale
cases considered later on. The acronyms re-
fer io the formabsms (see [6,18,17]) used
in analysing the corresponding binary umits
models,

(pattern completion), and also in the presence of noise (noise tolerance) and when a
substantial fraction of the network has been desiroyed (robustness).

In another scheme, M2, a series of layers each containing V units is considered.
The inputs to the cells of one layer are assumed to be from the N cells of the
preceding layers (see figure 2), hence C = N. External inputs affect the first layers
(although they might be apphed to subsequent fayers as well) and then information
is processed sequentially as in a multilayer perceptron until a final output is read oft
the last layer. This architecture has been adopted more often in artificial networks
performing pattern recognition or classification, but it can be considered in the con-
text of autoassociative memory as well [18]. In retrieving patterns: from memory, a
network of this type displays ail the propertics noted above, even if, if it were to be
taken as a serious candidate to model hiological circuitry, it would probably require
additional elements in order to explain Iearning, Le. to'enable patterns to be stored
in memory in the first place, The aim here is not to suggest this scheme as a realistic
model, however, but only to use it as a useful benchmark in a comparison with AM1.
The pattern of neuronal activities, which in M1 is fed back along the recurrent col-
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laterals onto itself, in M2 is propagated forward, allowing in borh cases an iterative
reconstruction of the full pattern from 2 smail cue,

In both A1 and AM2 the connectivity is, in the sense of each scheme, complete.
A third limiting case, M3, is when the connectivity is very highly diluted, ie. each
unit receives inputs from a set of units which, although large, is actually a very small
proportion of the total population of the system. Moreover, this set is chosen at
random, independently of which sets happen to affect other units, In this situation it
does not really matier whether the network is conceived of as a single layer of units
interacting among themselves, or as a scries of Iayers which supports a directional flow
of information. Because of the sparse connectivity the system is feedforward, as the
probability that the output of a cell will be propagated in a loop and eventually fed
back into the cell itself is made negligible (mathematically, this can be imposed as an
appropriate limiting relation between C and N1). The fact that this type of network,
by allowing a simple statistical analysis, can be extremely useful in understanding
tie properties of autoassociative memory, which it retains, has been pointed out by
Derrida et al [17].

These three architectures are considered here in order to provide some sort of
boundary conditions, within which certain real systems may be enclosed. One may
think, for example, of the hippocampal CA3 network in the rat, for which exten-
sive anatomical data which bear on its computational function have been published
{38,45,3]. There, if one considers the CA3 regions of both hippocampi in the two
sides of the brain as forming 2 single neworkt, C = 1.2 x 10%, N = 6 x 10° {(and
as each CA3 cell projecis out to subsequent stages this is also the size of the output
fepresentation), and the internal connectivity does not appear to be markedly direc-
tional, thereby not pointing to an underlying feedforward structure (within CA3 jtself
[26]). Which of these structural desails affects function? We shall see that results
like the inequalities (32)-(36) strongly suggest that C is the the only parameter that
really matters, insofar as memotry capacity is concerned,

M1, M2 and M3 differ most substantially in the amount of hardware {neurons
and synapses) they require to produce a given output representation, and also in
the quality of information retrieval they allow. Thus, assuming both C and the size
of the output representation 10 be fixed by external constraints, M2 requires more
neurons than A1, by a factor essentially given by the number of iterations needed
by the neural activities to converge to a pattern, and A43 needs an unreasonably
large amount of neurons, due to the low contact probability. Whether this can be
counterbalanced by advantages may be clarified by the analysis that follows.

In all cases the analysis is simpler in the limit C' — oo, which i relevant in
a cortical context, as the synaptic inpuis to principal cells are very many, and the
collective action of many of them {maybe of the order of 10? [36]) is required to have
a cell reach thyeshold. The formal treatment is easiest in the case M3, of a very dilute
connectivity, as the inputs to any given cell can be considered as uacorrelated [17].
In the multilayered case A12, instead, one has to take into account the correlations
stemining from the fact thai any two cells in a given Jayer receive inpuis from the
same sets of cells, i.e, those in the previous layer. This can be accomodated in a

t Specifically, that as C — co, as assumed later on, In C/la N — 0 [28]
t In the rat, w fact, about half of the collaterals to a given CA3 cell appear to come from the
contralateral side {3] In primates, by contrast the large majonty of the connections appear ta be ipsitaterat

{2, suggesting the need to regard the two CA3 systems in pnmates as distinct, 1f still interconnected,
networks.
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slightly more detailed statistical analysis ([18], and see the appendix). Finally, the
fully connected feedback network A41 [25] presents the additional complication that
the correlations in the outputs of the N units are fed back in the inputs to the units
themselves, leading to the need for a self-consistent treatment of the correlations.
The resulting steady-state behaviour can be studied by adapting the type of free-
energy analysis developed for spinglasses {6]. Whatever formalism is needed, it can
be applied to the case of threshold-linear units [47,48)].

3.2. Pattern statistics

Memory is retrieved from the network when neural activities, stimulated with a partial
cue, evolve into a pattern strongly correlated with one of those which have been
stored. What determined each stored distribution of activities in the first place, in the
learning phase, is discussed, for a particular case, elsewhere [49]. To cbtain a measure
of the ability of the network to perform retrieval, 3 measure valid over most actual
realizations of the stored patterns, one uses as a probe an artificial assignment of
patterns of activity. This is done by assuming that p pattems (labelled p = 1,...,p)
are embedded with equal (Rms) strength in the synaptic efficacies. In each pattein
each cell 7 is taken to code for independent information, ie. its firing rate during
learning n/ is assigned as a random number, drawn independently, for all ¢ and g,
from a probability distribution F, (7).

To study how the capacity of the network depends on the macroscopic features of
the statistical distribution of patterns, one has to vary the parameters characterizing
F,. As n is a firing rate, P,(n) > 0 only for # > 0, and P(n)_dotherwise
Mmeover, I F,dn = 1. Within these contraints, the first free parameter is the
average firing rate

a= an(n)ndn = (), %)

where (-), denotes averages over F,. This average pattern activity does not, how-
ever, aﬁ'ect memoery encoding in the model (as the contribution of each pattern to
the efficacies J© is normalized, in the following, in units of e itself), nor it does
affect retrieval (because, with a threshold-linear transfer function, the information
retrieved does not depend on the absolute scale of the neuronal outputs). Therefore
the average firing activity of the encoded patterns is irrelevant in determining the
performance of the network, and the first relevant parameter is the average square
activity. Imposing that also

a= [ Py(midn. ®

turns a into 2 parameter giving the ratio (n)7 /(7°),, which in fact is a measure of
the sparseness of the coding schemet. This is evident when consideting the specific
example of a binary distribution

P,(n) =(1-a)é(n) +ad(n-1) G

t One conld let {7}, be an guantity independent of the sparseness 'a, and that, as mentioned, cancels out
m the end. The present notation, however, is mmn!er when considering inary patterns, and is adopted

LVER; I 2 LLMRsIULL

here for consistency with previous literature.
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with §(z) being Dirac’s function. With this distribution, a fraction 1 — e of the
cells will be quiescent, on average, in any given pattern, while a fraction e will be
active, firing at a rate set arbitrarily to 1. Apain, the absolute scale of the firing
rate will be influential in the network models considered here. Moreover, with the
specific learning rules adopted in the next section to specify the strength of the
synaptic efficacies, it will be clear that actually the rate of each individual cell could
be resczled independently of others, without affecting the performance of ihe net
(this could ve termed a gauge symmetry of the model).

| {a} | (b) | (¢}

a I a I @
I | l T
0 1 0 1 0 1

Figure 3. Examples of finng rates probabiity distnbutions used m the text (2) binary
(b) ternary {¢) exponential

it is useful to quantify, through «, the sparseness of the coding scheme because
that turns out to be the most crucial factor on which the performance of the models
considered depends. The remaining features of P, —the sfruciure of the code—also
affect performance, as will be discussed later on. One can consider various forms for
F,, all parametrized in terms of a. For instance a specific termary choice that we have
considered [47] is
Py(m) = (1-$a)6(m) + ad(n— §) + Jas(n - 3). ®)
As ternary distributions are the non-binary structures which can be specified with the
least number of parameters, it has proven instructive [47] to systematically analyse the
performance obtainable with ternary codes, and the case of equation (8) offers a good
prototypical example of the features emerging with non-binary codes. Biologically
more meaningful cases, however, are those of continuous distributions. Here the
possibilitics are infinite, but again one can select a representative example. One that

is consistent with some recent experimental data [1] is a distribution with exponentially
scarce high rates

F,(n) = (1 -2a)é(n) + 4aexp(—27). ®

This example on the one hand will demonstrate that autoassociative memories can
function perfectly well with pattern distributions that are not bimodal or n-modal [1],
and on the other will offer quantitative insight into some of the effects of a contiauous
distribution.

The parameter ¢ measures the sparsencss of the stored representation, the one
used to code information in the learning phase. A differcnt representation, whose

degree of sparseness need not be the same, is generated by the retrieval process.
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As the response of neuron ¢ during retrieval is V, the sparseness of the retrieved
representation can be quantified by

a, = gﬁ) (10)

where now the average {-) is both over the random assignment of patterns and over
the dymamical process of retrieval (which, for a deterministic process, essentially
means over a set of possible initial conditions).

Finally, it has to be noted that the output of the network 15 assumed to be read
out in terms of distributed, collective, ‘macroscopic’ measures. Thus, the degree to
which the adapted state of an output set of ¥V, cells is correlated with the various
stored paiterns can be measured by the overlaps

N,
1 /7
f 2 — 1 ‘)
o N <a ’>' an

It is useful to define also the average activity

Z( V) (12)

lJ 1=1

The scenario interpreted as memory retrieval is one [47] of 2 macroscopic correlation
with just one Jearned pattern, i.e. one in which a single overlap is distinctly larger
than the average activity, e.g. @' > z, while all other overlaps are scattered with
small fluctnations around the average activity itself.

3.3. Learning rules

A learning rule is an expression that relates the modifiable component of the efficacy
of the synaptic connection between two pyramidal cells to the firing activity of the
two cells while storing in memory each of a set of patterns to be learned. This
term, therefore, already implies the assumption that, to some approximation, the
modifications due to synaptic plasticity are indeed expressible in terms of the two
firing rates [12]. The change in the efficacy will be written, here, in the form

Z F(n)G(n}). (13)
=1

Thig e¥nresgion renresentc g (Impnr‘\ sum of c'nmnhlmnne each due to the learmnﬁ of
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one pattern. Each conirtbution can be detcrmined Iocally at the synapse, as it is “the
product of a factor which is a generic function F' of the activity of the postsynaptic
neuron times a factor depending (through, in general, a different function, ;) on the
activity of the presynaptic neuron. In the above expression there is no hierarchy nor
ordering among the patterns: they are embedded with the same average strength.
Further, the synaptic modification can be regarded as’ reSultmg from just one single
presentation of the pattern (as well as from several), in contrast with other (ie.
error-correcting) rules which require an iterative procedure for learning.



382 A Treves and E T Rolls

It can be seen with simple signal-to-noise arguments that for the network to be
able to retrieve a number of patterns p which, independently of the sparseness of the
coding e, grows linearly with the number of modifiable synapses C, the average of
the presynaptic factor over all the patterns must vanisht, ie. (G(n)) = 0. More-
over, the hypnthesis that each arriving spike, when paired to suitable postsynaptic
conditions, equally contributes to the modification of the efficacy, suggests a simple
linear dependence of the factor G' on the presynaptic rate . If G is at most linear
in 7, the condition that {(G(»)}, = 0 may be most simply enforced by having G
proportionalf to 57 — {n). Using () also as an overali normalization, one gets to the
form

G(n)zﬂ:n.(—”—)zﬂq (14)

%Zp:F(n, )( L —1) (15)

It 1s useful to have a special notation for the variance of G(#) over F,, writing

i—a

= (G (m), —(G(m); = (16)
What remains free is the choice of the (postsynaptic) F'(n) factor. We consider here
two specific examples.

In the case of feedback networks, the use of 2 form which resulis in the symmetry
Jy, = J;, allows an analysis of the long-time behaviour of the neural activities based
on the definition of a Lyapunov function [25,14,5]. This requires both that if there
is a modifiable synapse from j to ¢ then there is also one§ from ¢ to0 7, and that

F(n) = ;1:7 -1 an

which results, with equations (13)—(14), in a covariance rule for synaptic modification,

ie. the change in the efficacy is proportional to the covariance of pre- and postsynaptic
activity [43):

3_1 Ca:" Z('ﬂ. (77; )('IJ ("7; )) (18}

a=1

The average o, and variance ¢y of the postsynaptic factor over P, are in this case
ar =0 and cp = T},

t This ensures that, when retrieving a pattern, the vanance of the noise due to the storage of p — 1 other
pattemns is proportional not to p — 1, but just to {p — 1) /C [42,52].
} Note that this imphes that the sign of the efficacy change can reverse, for a given level of postsynaptic
activity, depending on the level of presynaptic activity in the pattern.

§ This holds for the fully connected network M1, but could also be imposed as an additional constratnt
m a network with diuted connectivity.
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When the architecture of the network is such that its behaviour can be analysed
with simpler methods, one can explore the effects of using alternative forms for
the F factor. An inferesting alterrative would be to try to model some cufrent
neurobiological hypotheses on the mechanisms of long-term potentiation (LTP) based
on the activation of NMDA-receptors. This activation seems to occur only when the
postsynaptic menibrane is very depolatized [16,15,20). Such a feature might be
modeHed [10] by setting a threshold for synaptic modification (say, in learning a
pattern) which is higher than the threshold above which the postsynaptic cel! fires. If
the pattern o be learned is binary, the nonlinearity due to this additional threshold is
not expected to make much difference, as the modification oecurs only at two discrete
values of the postsynaptic rate, and the form of F'(n) in between the two values is
irrelevant. New effects can already be seen, however, with ternary patterns. 1o be
specific, having in mind the distributions of equations (7) and (8), let

22 —

Fp) = 11 (19)
which implies that the modification occurs, both in the binary and in the temary case
considered, only for the highest postsynaptic firing rate. In the specific ternary case of
equation (8) synapses onto neurons that fire at the intermediate rate while encoding
the pattern are aot affected. For the first two momenis of F° one has

{1/a binary
cp+ah =< 3/a ternary (20)
T/a expanential

for this model NMDA rule, which will be used later on. Note that equation (19)
implies a modification in the opposite direction for postsynaptic activations 77 < 1/2
(figure 4). This particular feature, which has been explicitly suggested with theoretical
arguments [11], is included here merely for the sake of analytical simplicity (the simple
noniinearity in equation (19)). Similar nonlinearities due only to a threshold effect,
and not including sign reversals, produce essentially the sarme results as derived for
this particular case later on.

4, Capacily measures
4.1. Fixed point analyses

We are not concerned here with the dynamics of the evolution of the activity variables,
but only with the stable fived points of this evolution. More precisely, with the fixed
points of the equations describing the evclution of macroscopic quantities, such as
those defined at the end of subsection 3.2, quantities that monitor the collective
activity of popuifations of cells. If processing in the system is distributed, it must
be possible to read off its output in terms of quantities of this type—for associative
memory retrieval, in particular, in terms of correlations with the stored patterns of
activity (measured as in equation (11)).

Such fixed points are not associated with the stabilization of single-unit activity
rates: these may still fluctuate, even when averaged over short times, once macro-
scopic quantities have reached a fixed point. Nor can one learn much from a cal-
culation (when feasible) of the time it takes the model to reach a fixed point. As
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Figure 4. The two-sample Iearming rule considered. above, dependence of the postsy-
naptic factor on the finng rate, below, the possible modifications produced i the storing
of the specific ternary pattern of equaiion (8).

noted in subsection 2.2 it is doubtful whether such a dynamical quantity would bear
any meaningful resemblance to those characterizing the process in a real neural sys-
tem. Third, even the existence or otherwise of fixed points associated with retrievai
behaviour does not imply anything definite about whether even the model system will
indeed retrieve or not. In the absence of a retrieval fixed point, the network might
still be able to usefully extract large amounts of information encoded in the synaptic
strengths. and in its presence it will in many sitoations fail to do so.

Still, as long as methods are lacking for studying realistic dynamics, the study of
fixed points, which is based on the more reliable ‘stationary’ relations at the single-cell
input—output level, is the best analytical tool available to give indications on how the
behaviour of the network is affected by a variety of factors, such as those treated in
this paper. This is the advantage of focusing on the atiractor states in autoassociative
memories [4]. Attractor retrieval fixed points cease to exist when the effective noise
induced by mentory loading goes beyond a certain limit. In the following, this limit
on memory loading will be studied under the assumption that the loading itself is
the dominant source of noise in the neiwork, i.e. all other sources, be they fast- or
slow-varying in time, are taken to be negligible and set to zero.

4.2. The equation for the storage capacity

The maximum on the number p of patterns that can be encoded on the synaptic
strengths and individually retrieved is, when equation (14) holds, and in the limit
C -+ 00, a number proportional to C. The maximum e, of the proportionality factor
o = p/C can still span several orders of magnitude. A derivation of the fixed point
equations, and of the resulting equation which yields «,, i8 given for network M2,
in the appendix. In the two other cases it has been reported elsewhere, for network
M1 [47] and A3 [48]; further novel examples will be mentioned in the text.

The equation for o is expressed in terms of averages that are functions of two
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auxiliary variables v and w [47). v quantifies the ratio of the signal specific to the
pattein to be retrieved to the noise (due to memory loading), and w that of the
uniform background signal, again to the noise.

The relevant averages are:

o= (32) et =) -5,

a9 = 5= ((2-1) [ D+ o1 4 a1 - z})ﬂ @

Ag(w,v) = <f+ Dz {w+ v[1 + F(n)] - z}2>
n

where the averaging is over the distribution P, and over a Gaussian variable z, and
the z-average is carried out up to a threshold:

+ wio[1+F(n)]
[ 0= T exp(—2 (2)()- @)

F is the postsynaptic factor introduced in equation {13).

The fully connected feedback model M1 can be analysed [47] with the help
of a suitably defined energy function (hence the constraint that F(#) be given by
equation (17)). This network, driven by its symmetric interaction, relaxes into an
equilibrium state defined by a certain probability distribution in the space of all
possible values of the set of neural activitics. Some of the possible equilibrium states
are associated with the retricval of one of the patterns in memory. These retrieval
states exist when a closed line in the v, w plane defined by the equation

Al(v,w) — aAz{v,w) =0 (M1) (23)
is intersected by another line, whose position varies with the gain g of the model.
As o increases, the perimeter of the line defined by equation (23) shrinks, until at
o = o the line reduces to a point and then disappears. Therefore, for a < o,
retrieval states exist, for suitable values of the gain, while above this limit they do
not, for any value of the gaint. o, thus measures an optimal storage capacity,
optimal in maximizing the number of stored patterns, and it brings out the functional
dependence of this optimal number on the pattern statistics P, .

in the muitilayered structure M2 (sec figure 2), neural activitics propagate m
tine from layer to layer. Correspondingly, macroscopic quantities can be considered
at each time slice as defined on the population of units in the layer that was reached
last. When these quantities reach a fixed point, no further processsing occurs in
the following layers, which, macroscopically, appear to have the same distribution of

t Actually, one of the effects of feedback in this model 15 to remormalize the gain parameter g The
propagation of the correlations over feedback loops of different size makes single umts respond as 1if
they were endowed with an effective gan g’ hgher than the real one g. Summng over all loops
yields an expression for the inverse effective gain ¢'~! = g~} — Ty /(1 — ) [47] or, when more
correctly neglecting self-pieractions, g'~! = g=! — aTy ¥ /(1 — o), with ¥ = ¢'To(Az — Ay} This
renormalization does not affect or.
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activities. The amalysis we present in the appendix shows that fixed points associated
with retrieval exist provided that, simifarly to the M1 case, the equation

Al(v, w) — M[A(w, w) — A (v, )] — adyAg(v, w) =0 (M2) @4
is satisfied on a closed line in the v, w plane. Here it is not necessary to impose the

symmetry condition F(n) = G(#), and the analysis is valid for any form of F(x).
The parameters A, , equal 1 if equation (17) holds, and in general are defined as

do — Z + z
Al ( F T:F) /\2 = cp I}JEF (25)
with
ap=(F), =N~ F@;  dr=(1F@). @
n

In the highly diluted case (A3), if 2 subset of the units is activated by an external
stimulus the activation will spread in a sequence defined by the sparse connectivity,
even if no layer structure was defined a priori. The equation yielding the optimal
capacity reads 48]

A(v, w) ~— ey Ag(v,w) =0 (M3) @7

and it gives o in the same fashion as above.

Up 10 now the network has been assumed to operate under no external influence,
other than (uniform ones, and) the transient stimulus which determines the initial
pattern of activation. A persisterit and non-uniform external stimulus correlated with
one or a few of the stored patterns can be modelled by setting in equation (4)

=S e
Ah, = zﬂ:s . (28)
where the s parametrize the strength of the patterns embedded in the ongoing
afferent stimulation. This leads to higher optimal capacities, which can be derived
within the same formalism ([47], [48]). Given that this resulting increase in capacity
appears to be rather uniform over the variety of situations which are expressly studied
in this paper, for simplicity results will be presented only in the case in which external
stimuli are purely transient, s = 0. When considering a comparison with the
performance of models studied in the literature (e.g. [22]) in which certain cells even
have their output clamped by the afferent, is it useful to bear in mind two facts.
While the results presented here refer to the case s# = 0, which perhaps leads to
capacity “underestimation’, they are also (a} derived for large systems and {b) valid as
limits on the existence of retrieval states, which might be argued to lead to capacity
‘overestimation’. This is because near these limits the basins of attraction of retrieval
states will tend to be very small, allowing retrieval only when the initial network state
already contains, by closely reproducing one of the stored patterns, essentially ail

the information to be retrieved, a situation obviously diﬁerent from that of retrieval
through completion of a partial cue.



Capacily of autoassocialive memories 387

It is also possible to derive capacity equations for network architectures which can
be regarded as intermediate between the extreme cases M1, M2, M3, An example is
a multilayered network in which the connectivity from layer to layer is not complete,
and each cell receives modifiable synapses from a subset of C' cells randomly picked
among the N ones of the previous layer. In this case o, is determined by the
equation

R UL SR Y R | - - fA__A\]=n P T}
Alslg — Ay | T A g l“z \1 ___sz MlAg A1)J =V \==)

——
::a

where C/N is a measure of the degree of dilution in the connectivity. This formula
can be applied to all networks intermediaie between the highly diluted limit A43,
which is reached for C/N — 0, and the multilayered structure A2, whose capacity
is given by the above equation when C' = N,

Another case not treated before, and which may approach realistic connectivity
patterns, is that of a network halfway between M1 and M2: in particular, one which
is fuily connected with modifiable reciprocal synapses within each one layer, and also,
with unidirectional synapses, from onc layer to the next. Activations spread from
layer to layer, and the input from each preceding layer cam be expressed in terms
of macroscopic variables which have already reached a fixed point at the single-layer
level. This js obtained by setting the input to a cell in layer ! to

i
=S av +s(T )+ DA o)
k

I# 1#i

where the inputs through modifiable synapses come both from the neurons in the
same layer, the V/, and from those in the preceding one, the Vil The J¢; are
written in the symmetnc form, with the F factor as in equation (17). The overall
optimal capacity is determined by finding, through a free-energy calculation, the
equations expressing equilibrium at the single-layer level, and then by considering
global fixed points, at which macroscopic variables maintain their value from layer to
layerf. The corresponding capacity equation is

(A, + A)
AIL;{—L’ -adA, =0. (1)
The various equations derived so far can be used to order the different models on
a capacity scale, as at the bottom of figure 2. In fact, it is easy to show analytically}
that, under equal conditions (as defined by the choice of F(n)} and F,), one has

a(M1) < a.(equation (31)) < a,(M2) < a (equation (29)) < o (M3).  (32)

Therefore the number of patterns that can be stored, for fixed C, in the various
architectures considered is bounded by the two extreme cases of a fully connected

+ Incidentally, this calculation answers a question raised in [8], ndicating that such a sequence of networls
would Got improve considerably on the performance of a single, fully connected feedback net,

{ To prove the string of inequalities in both equation (32) and equation (36) it suffices to check that the
same relations hold between the feft-hand sides of equations (23)-(31) for any given triplet », w, o
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feedback network (lowest number of patterns) and of an extremely diluted connectiv-
ity (highest). Moreover, it will be shown in the following that in the neurobiologically
interesting condition of sparse coding (such as it applies to the CA3 cells [35]) these
two extremes approach, capacity-wise, each other.

Alongside the maximum number of firing patterns that can be stored, another
meaningful measure of capacity for an associative network is the total amount of
information [44], I, which can be stored in the synaptic efficacies and retrieved
following stimulation by an appropriate cue. I can be defined [47] for arbitrary
distributions F,, generalizing similar expressions used with networks of binary units
i7, zij I can be computed for any o < «, and any appropriaie vaiue of ihé gain ¢
by using the parameters v, w correspondmg to the retrieval fixed point which exists
for that choice of o, g. In terms of » and w, I is given by the expression (in bits per

synapse)
I=a{<fow;"t— et (v, w)logz[(_f(i,—,:)%n—]>

oo )}

with the Gaussian probability density c} given by

rs rw+ﬁr1+Frﬁ\1_i}2\
¢t (v, w) = exp (-‘ L 5 A ) (34)
and the probability of zero response c?, by
O
c?,(v,'w) = j Dz (=14 A, — A (33

wivi14+F(n)]

‘What will be considered here is only I, the maximum of I over o (< «,) and g.
This maximum occurs generally about halfway before o, and is quite flat with respect
10 varying both o and g (in the range which still allows retrieval), It is this quantity
which will be studied in the following in its dependence on the network’s architecture,

pattern statistics and learning rule.
It should be noted that, 1n parallel to e

I,(M1) < I (equation (31)) < I (M2) < I, (equation (29)) < I (M3). (36)

4.3. Dependence or the coding scheme and on the learning rule

By computing the A averages one can evaluate o, and I, for 2 variety of situations,
corresponding to different choices of F, and F( 71) It is convenient to present the
tesults as graphs where the quantities evaluated are plotted as functions of the sparse
coding parameter e, which strongly affects them.

The task of understanding how different architectures affect the capacity is greatly
simplified by the ordering reiatiunships (32) and (36). A comparison could be made,
for example, by plotting all the vanous curves ac(a), for fixed P, and assummg that

' n) ie mivan hy tha snuariamas e P, SR

{n} 15 given by the covariance rule, {17). One can start, however, with only the
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Figure 5. The storage capacity dependence on the connectivity: a fully connected feed-
back net (dash-dotted line for binary patterns and dotted line for exponential patlerns)
compared With an extremely diluted one (full line, binary; dashed lne, exponenual). (a)
g, maximum number of stored pattern per modifiable synapses onto each neuron (&)
Iy, maximum amount of retrievable information per meuron per modifiable synapses
onto each rearon, 1 bits. a, is the sparse coding parameter.

curves for models M1 and M3, as shown in figure 5(a), as other cases fall in the
middle, due to equation (32}. Both the binary and the exponential forms for the
pattern distributions are chosen in figure 5, to give two examples.

The first feature to otice is that o, increases and eventually diverges as a — 0,
to first approximation as (aln(1/e))~'. The same happens with binary ncurons
[13,46,19], and the reason is that while the signal pointing in the direction of one
pattern grows, in our normalization, as a~!, the root-mean-square noise due to
memory loading grows only as a~1/2. It should be noted that as soon as ¢ is small
enough to invalidate the assumption that eC is a very large number, the actual
capacity will start to deviate from that predicted in the present theory.

The important observation to be made in figure 5(@) is that while o (a) is always
higher for the highly diluted net, clearly the difference becomes irrelevant in the
region of sparse coding.

The information content does not diverge as ¢ — 0 (figure 5(b). This is due to
the fact that while o, grows, the information contained in sparsely coded patterns
decreases. Again, the difference between highly diluted and fully connected feedback
nets (as well as that with all intermediate cases) disappears for low values of a.

Turning now to the dependence on the structure of the code, this can be studied
by varying, for fixed architecture and learning rule, the probability distribution F,.
In [47] the performances obtainable with binary and ternary codes were contrasted
in the M1 case, and figure 6 shows the capacity of an M3 network with binary (7),
ternary (8) and exponential (9) pattern distributions. ' The comparison shows that
the number of patterns that can be stored can be somewhat higher for non-binary
distributions (of course, not for any non-binary distribution).

The way the structure of the code affects the amount of information retrievable
from the memeory, figure 6(b), is interesting. As mentioned above, three factors enter
into I: the number of patterns stored (and figure 6(z) shows that « (a) is higher
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Figure 6. The effect of varying the structure of the code (@) ac(a) and (b} Im(a), for
binary (full line), ternary (long-dashed line) and exponential (shori-dashed line) pattern
distnbutions, for a highly diluted (AM3) net with a covanance learming rule
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Figure 7. The effect of a nonlinearity 1n the learning rule (4} exc(a) and (b) Jn(a),
for the same cases as in figure 6 but wath the model ‘NMDA’ rule of equation 19 rather
than the linear covanance rule

for non-binary codes), the information content of each stored pattern (which clearly
is higher for non-binary codes), and the fraction of this information which is lost
during retrieval. Apparently this last factor more than compensates for the other
two, and the poerer retrieval quality brings down the total information retrievable
using non-binary codes. Note that in the case of continuous distributions, such as the
exponential one of the example, the actual stored information per pattern is infinite,

H 3 H ic 1 H v Al Frame smesnomenay Joo b
but such a vanishing fraction of this infinity can be extracted from memory, due {0

the natural resolution limit induced by extensive memory loading, that the final result
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18 essentially the same as for the ternary distribution, and not very different from the
binary one.

The use during storage of the nonlinear, ‘NMDA™like learning rule of equation (19)
results in the capacities of figure 7. The graph for o () looks remarkably similar to
that produced by the covariance rule, in figure 6{a). For ternary patterns, however,
and more markedly for exponential ones, the number of patterns that can be stored
is higher with the NMDA rule, for essentiaily all values of a. For binary patterns the
nonlinearity in itself does not produce any difference (subsection 3.3), and the only
deviation from the covariance rule behaviour occurs when the coding is not sparse,
a =~ (.o7.

The effect of the nonlinearity on the information content is, once more, reversed:
while for binary patterns I (a) is again essentially unaffected, for ternary patterns
there is a decrease in the retrievable information, which becomes very marked for
the continuous, exponential pattern distribution. This result is easy to understand:
the nonlinearity in the way firing patterns are stored in the memory produces a
distortion, which results in retrieved representations which do not faithfully reproduce
the mnformation present in the original representations [42]. The distortion is quite
naturally particularly serious m the case of continuous distributions (and it would
be all the more serious the stronger the nonlinearity), and irrelevant with binary
distributions.

100

a.

ar ar

Figure 8. o plotted against ¢, for the same coding structures as in figures 6-7, and
for (4) the linear covariance rule, (b) the nonlinear NMDA rule (and model M3).

Also the fact that more non-binary than binary patterns can be retrieved for equal
values of the parameter ¢ can be understood, as well as the fact that this effect is
enhanced by the uvse of the NMDA-like learning rule of equation (19). They result
from the remrieved patterns being sparser, in all these cases, than the ones stored
during learning, ie. a, < a (cf equation (10)). o, grows with sparse patterns, and

t In that case the capacity is sensitive to whether ep = 0 (as in the covariance rule) or not (as
the NMDA rule), whereas for sparse coding cp gives the dommant contribution, eg. 10 Az, and ep is
relevant.
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it grows further if the retrieved patterns are even sparser. To make that clear, it
is useful to plot o, as a function of a, rather than a. Figure 8 shows that the
relative advantages of non-binary representations disappear when compared in this
fashion, all the more when a nonlinear rule, which accentuates the sparsity of retrieved
continuous representations, is used.

5. Discussion

1 P R IT 7

These results show that autoassociative mem Ory moGess odasea on wupclauvb parane.
processing, can function, and function eﬂimently, also when freed of some of the
unrealistic features introduced in earlier versions of the models. Biologically plau-
sible graded response nets can store and retrieve non-binary patterns, even patterns
with exponentially scarce fast-firing neurons. The appearance, in earlier schemes, of
bmmodal distributions of firmg rates is to be regarded as a simplification (due to the
representation of ncuronal current-to-frequency transduction as binary gating), and
not as associated with the convergence towards dynamical attractors, or with ihe role
of feedback in this process.

On a more quantitative level, the use of threshold-linear units allows in particular
the analytical study of the storage capacity of different models, in a way that helps
address biologically relevant issues. o, and I, bave been shown to depend rather
mildly on the detailed structure of the coding distribution and on the detailed form

of the learnineg rule, 1t cshould he remamhered that the Iparntng rulas considaered hoth

RAL waa swiialiaiip b AL FARLIRESRE LW AW ARANARLLIMA WS LANGAT LASA AWENE LRLalfe A AEVAS WA ARUEw WA w1l

belonged to a general ‘Hebbian® class representing strictly associative mechanisms of
synaptic plasticity, with the further restriction imposed in equation (14). The only case
in which there is a rather markedly reduced performance—in fact, reduced retrievable
information I —is when a combination of a nonlinear learning rule with a very
structured, graded or continuous, pattern distribution results in severe information
distortion. This is interesting, in view of the possibility that precisely this combined
condition describes the situation in certain real systems. Such a reduction in capacity
would clearly not affect the efficiency of a system that was intended 1o operate merely
as a stimulus classifier rather than to actvally retrieve detaded information from
memory; in that case the number of stored patterns would be the relevant measure
of efficiency, and that is not reduced. But it seems unlikely that any autoassociative
system in the brain would afford to waste extensive storage space just to produce
afferent stimulus classification, which could be achieved with ether means.

These results are derived for threshold-linear units, but would apply to any smmilar
type of graded response units, such as generically sigmoidal, provided it is inhibition
that controls the overall activity level, rather than single-unit saturation (in which
case sigmoidal units approach binary ones). In this respect, it could be objected that
in layers IV and V of neocortex, and even more in the hippocampus, especially in
the CA3 region, many pyramidal cells tend to display bursting behaviour, evidenced
in vitro as a characteristic response to orthodromic excitation in which several spikes
ride on top of a single depolarizing wave. To the extent that bursting were 2n all-or-
none phenomenon, it would suggest an essentially binary prooessing Bursting activity,
however, appears to be graded, and may also be a less promment in primates than in
certain subprimate species {9], and ©-rythmicity, which in rodents is thought to shut
down hxppocampal prccessmg every 100 ms, has hardly been observed in primates
[41]. It is interesting to note, in any case, that a representation of the firing behaviour

Memory ndale hncad n allal
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of neurons engaged in memory retrieval, which is the present objective, which does
not take bursting into account, could still be compatible with bursts having a specific
role during learning.

The analysis of different patterns of connectivity provides useful insight into the
role of feedback in autoassocistive systems, or at least in the way it affects their
capacity. Consider, for example, the multilayered feedforward autoassociator A{2.
It can be thought of [18] as a version of the fully connected feedback net M1,
which is unfolded in time over different layers. In the unfolding, the positive effect of
feedback, in iterating the cooperative motion towards retrieval attractors, is preserved,
but negative effects are washed out, in that noisy correlations are reset at each
layer and not let to reverberate. This ‘purification’ of the signal results in a higher
capacity—cf inequalities (32),(36)—but of course costs in neural components, as for
a given output size the number of neurons and synapses has to be multiplied by
the number of layers. The highly diluted net AM3 represents the limit in which the

signal is further purified by removing the correlations that stem from sharing inputs
among different units and of course an even hicher canacitv ig achieved in this hmit
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A discussion in these terms had been suggested in [18]. Now, tht interesting resuit
here is that the relaiive advantages of purifying signals in this fashion disappear as
the coding becomes sparse (figure 5). What remains is the obvious advantage of the
compact feedback net in terms of hardware componentsj. What are the mmplications
for real systems, where coding does seem to be relatively sparse? In CA3 for example,
where the connectivity is of the order of 2% (m the rat [3]) and shows no marked
topographical organtzation, the suggestion would be that having many more cells (~
600 000 in the rat) than axon coilateral synapses per cell (12 000, [3]) is nor m order
for the net to be able to store more patterns thanks to its diluted connections. The
reasons for having many more cells than just C =12 0090 are likely to be of a very
different kind. For example, a certain minimal size of the output representation might
be required to carry the information funneiled through the hippocampal formation.
Finally, it might be useful to take advantage once more of the data concerning
the rat hippocampus in order to provide an illustrative numerical example of the
estimated capacity of a real system. Thus, if the various factors discussed in this
paper (in particular, the sparseness of coding) are such as to result in o, ~ 3 and
I, = 0.2—the middle ranges in the figures inciuded in the text—then the CA3
system in the rat could store in the order of 36 000 memorics, or if maximizing
1., instead, 1 400 Mbits of retricvable information. In primates, and especially in
man, these numbers would grow considerably due to the larger pumber of modifiable
inputs to each pyramidal cell, to the coding being probably sparser (which would
mainly affect the number of memories) and to the larger number of cells in CA3
itself {which affects the amount of information, but not the number of memaries).
Clearly, the most crucial experimental support for the hypothesis that CA3 is an
autoassociative memory with extensive capacity would come from the evidence that

tha cunancac nn ite snllararale arae necnmﬂh\mﬂtr mnd:ﬁnhln nnd nmn]mr hnﬂ'l ITh ﬂl’ld
H n,uul.ram Uit iy COnalciam IVedy fnluinae

LTP, as in equation (14). But the models indicate which other factors it is important
to investigate experimentally: the number of synapses per cell, the sparseness of the
firing activity, and how the sparseness varies in different modes of operation of the
system.

+ And also, on a different level, the ease with which new patterns can be stored, m contrast with the
difficutties ansing with a feedforward network.
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Appendix

In this appendix the capacity equation is derived in the sample case of the multilayered
network A1{2,

The starting point is the ‘microscopic’ equation describing the input to a given
unit of laver { + 1 in terms of the outputs of the units in Iayer I:

c c
RV =3IV + b( V;/c) (37
=1 7=1
with
1 [ 1.0 7’;'”
e _ : 4 _
75 =5 3 P (B - 1), (9)
r=1
It is convenient to define the average activity of the layer
1 (2]
X'=z3 Vi (39)
1=1
and the subtracied overlaps
1 o "’?!’# N
Tl = 2 L: S i
X —C‘g( - 1)V,. (40)

For the non-stochastic feedforward process considered here, these quantities are fully
determined by the activities in the first layer, {V/l}, and by the sets {n:"“} for
k=1,...,land p =1,...,p. From them, by averaging over initial conditions and

over the random . <'gnment of patterns, one obtains quantities of the type introduced
in subsection 3.2,

£ = (X" g = (X by, 4)

To derive equations describing the retrieval of a pattern (e.z. 1 = 1), the average
{) is over a set of initial conditions such that the subtracted overlaps with all other
patierns on avérage vanish, 2! = 0. In that case the inputs to fayer i + 1

B = P )RS 4 30 Flafh) X0 + (X (42)
p#L

can be written [18] in terms of a signal plus a Gaussian noise term

R = F(plh)aht — T, oMz 4 b(a') (43)
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where z has a Gaussian distribution with unit variance, and the variance of the noise
is

(Tog™*')? = D (P )XY = Yo (ep + ab (X)) (44)
#i#El ##L

The fully connected layered architecture determines the average propagation of
noisy fluctuations

oo = g (- o) e B () (5 ww)

t#y
L
1 ! 1 7,
=chvte <(“LT- )
(E]

1Lt i H
X (.n_-?_ - 1) Ei—V'—ﬂ’-F(nz”‘}F(n;”‘ )(Xl-—l,u)'z)

a dh! dh!

1 h-T,

= 20t + e e o (oM )) (X @)

with

TR

yl= =) (V? {46)
Py
_ [ _d}‘__ ~ytj2

d=)= [ e 47

and the other symbols have been defined in the main text. Therefore

()7 = ara + (5T ( 6 (hTu Z’*)) (') (43)

At the fixed point, macroscopic quantities do not vary from layer to layer. The
asymptotic relationships are then simply obtained by suppressing the layer index. In
addijtion to the above equation for g, one has for example

= g( (% - 1) jh;«n, De(h= Thr)>,,1

y= gz< fh . Dilb- Tl“')2>,,1' (49)

Introducing the two signal-to-noise ratios:

w = (b(z)— &' — T},,)(Toe)  (uniform)
(59)
v = (&")/(Tye) (specific)
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and the A-averages defined in the main text leads 1o the system

28 = ady + M(Thg)X (A, - 4y)% 0
1= (Thg)Aya! (51
y = (To0)* Az’

The system has a solution corresponding to retrieva,, #1 > 0, for some value of g if
the equation

=7 x #oa i 12 [y s -~ e
Az —MlAy — Ag)" — @A Ay =0 (24}

is satisfied somewhere in the w, v plane. This requirement determines both o, and
the I.
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