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Abstract

This paper describes an investigation of a recurrent artificial neural network which uses association to build transform-invariant repre-
sentations. The simulation implements the analytic model of Parga and Rolls [(1998). Transform-invariant recognition by association in a
recurrent network.Neural Computation 10(6), 1507–1525.] which defines multiple (e.g. “view”) patterns to be within the basin of attraction
of a shared (e.g. “object”) representation.

First, it was shown that the network could store and correctly retrieve an “object” representation from any one of the views which define
that object, with capacity as predicted analytically.

Second, new results extended the analysis by showing that correct object retrieval could occur where retrieval cues were distorted; where
there was some association between the views of different objects; and where connectivity was diluted, even when this dilution was
asymmetric. The simulations also extended the analysis by showing that the system could work well with sparse patterns; and showing
how pattern sparseness interacts with the number of views of each object (as a result of the statistical properties of the pattern coding) to give
predictable object retrieval performance. The results thus usefully extend a recurrent model of invariant pattern recognition.q 2000 Elsevier
Science Ltd. All rights reserved.

Keywords: Object recognition; Invariance; Recurrent networks; Attractor networks; Associative learning; Sparse coding; Invariant visual representations

1. Introduction

Single neurons with responses which are relatively invar-
iant with respect to the position, size, view (rotation in
depth), and other transformations of an object or face are
present in the primate temporal visual cortical areas (see e.g.
Booth & Rolls, 1998; Gross, Desimone, Albright &
Schwartz, 1985; Rolls, 1992; Rolls, 1994; Rolls, 1995;
Rolls, 1997; Tanaka, Saito, Fukada & Moriya, 1991).
How could such invariant representations be formed? One
suggestion is based on the temporal statistics with which
objects are normally experienced in the visual world: the
identity of the presented object changes relatively slowly by
comparison with the faster-changing transformation (e.g.
view) of that object. Thus, if an on-line learning rule
could include a short-term memory trace, such that views
presented close to each other in time (e.g. at successive
training steps) could be associated together to gain similar

representations, so transform-invariant representations
could develop (Fo¨ldiák, 1991; Griniasty, Tsodyks & Amit,
1993; Rolls, 1992; Rolls, 1997). Such representations would
be unlikely to span multiple different objects, given that
views of different objects are unlikely to repeatedly occur
close together in time.

Földiák (1991) showed translation invariance over a one-
dimensional input array to be possible for a simple compe-
titive network with an associative Hebb learning rule includ-
ing a decaying trace of previous neuronal activity. Rolls
(1992,1994,1995) suggested that invariant representations
could be formed in the visual system for two-dimensional
images using a similar learning rule in a multi-layer feed-
forward architecture, incorporating many neurobiological
properties such as limited inter-layer connectivity and soft
competition. This system was simulated by Wallis and Rolls
(1997) and was shown to be capable of performing transla-
tion- and view-invariant object recognition.

In an approach to the learning of associations between
adjacent pairs of patterns in a sequence, Griniasty et al.
(1993) introduced a recurrent model (a single-layer auto-
associator, or “attractor” network) with a fixed stimulus
presentation order and a learning rule which incorporated
correlation between activity and the immediate preceding
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stimulus (i.e. a form of trace), and showed that the resultant
attractors included partial correlation with temporally prox-
imal stimuli. Parga and Rolls (1998) generalised this
approach to include equal association betweenall different
views of the same object, and defined the resultant model in
analytically tractable form. Their analysis showed that the
strength of association between the views of each object was
a critical parameter: at low association strength the model
exhibited “view phase” behaviour, such that presentation of
a (possibly distorted) view would result in retrieval of that
view; while at higher strengths the model exhibited “object
phase” behaviour, such that presentation of any view of
some object would result in retrieval of a shared representa-
tion of thatobject.

A particular advantage of the Parga and Rolls model is
the analytic investigation it allows, and the quantitative
parameter predictions they thus provide. For these reasons,
we explore it further in this paper. In particular, we not only
confirm the results predicted by the analysis, but also extend
the analytic results in a number of ways, several of which
are relevant to how such a system might operate in the brain.

There have been many previous contributions addres-
sing the problem of networks capable of achieving recog-
nition with respect to various transformations in the input
space. All of them look for a single representation
reached by the network when a wide class of stimuli,
to be identified with local views of an object, are
presented as input. For example, Dotsenko (1988)
proposed a network in which rotated, translated or
rescaled patterns presented to the network, could be
recognised making use of the neuronal thresholds as
additional dynamical variables. In this way, patterns
very different from the stored ones as measured by
Hamming distance, could be retrieved and represented
by a persistent configuration of activity if they were
related to any of the stored patterns through the type
of transformations listed above. From a different perspec-
tive, Bienenstock and von der Malsburg (1987) also
proposed a means of storing invariant representations
by changing the stored entities from patterns of activity
to graphs containing information about the correlation in
the activity of the neurons. The storage and retrieval of
such graphs automatically implements invariant recogni-
tion of patterns by the identification of graphs which are
isomorphic. Our approach is more general, since it
assumes no a priori relation between the different
views of a given image, which are, in fact, taken as
independent. This independence between the patterns
associated with each of the local views is, however,
not essential for the model to work and is only assumed
for simplicity. If the local views corresponding to a
given image were correlated, the associations in the
synaptic efficacies connecting the neurons active in
each of them would be easier to create, although prob-
ably the storage capacity of the network would decrease.
The model demonstrates that the mechanism transforming

temporal into spatial correlations provides invariant
representations even in theworst case scenarioin
which views corresponding to images close in time are
represented by independent patterns.

It should be stressed that the type of generalisation that
our model accomplishes by creating a single attractor that
can be reached from any of the local views of an object is
very different from the generalisation over short Hamming
distances achieved by conventional associative memory
systems. In the model, although the object attractor and
the attractors corresponding to the local views are in fact
closein Hamming distance, this fact is immaterial. What is
relevant is that the patterns corresponding to the local views
can be as different as one wants. The proposed learning
mechanism creates a single representation for the whole
object, which is based on the perceived partial representa-
tions and their temporal correlations as experienced by the
animal. Finally, it should also be noted that the model
described here not only achieves invariant recognition as
it is meant to, but it also employs a plausible learning proce-
dure based on mechanisms that have the support of experi-
mental evidence (Miyashita, 1998; Miyashita & Chang,
1988; Yakovlev, Fusi, Berman & Zohary, 1998).

The remainder of this paper investigates the performance
of the model by empirical means. Sections 2 and 3 of this
paper provide the theoretical basis for the model and its
empirical performance measurement, respectively. Section
4 compares empirical model performance with that calcu-
lated analytically, while Sections 5–8 present empirical
results showing the model’s tolerance to variation of,
respectively, cue/view distortion; association strength;
connectivity dilution and the symmetry of that dilution;
and pattern sparseness. A discussion interprets the results
presented, with appendices detailing the application of the
model to alternative binary pattern domains, and presenting
a signal-to-noise analysis consistent with the empirical spar-
seness results of Section 8.

2. Model definition

The model described by Parga and Rolls (1998) provides
transform-invariant “object” fixed-point attractors in a
Hopfield-like network (Hopfield, 1982). Each such object
is represented bys “views”, each of which is a pattern ofN
binary components (taking values 0 and 1, for notational
convenience, but see Appendix A).

Following many previous researchers (e.g. Amit, 1989;
Treves & Rolls, 1991), “neurons” in the model are dynami-
cal binary variables, with values {Vj�t�} ; j � 1;…;N at
time t given by:

Vj�t 1 1� � F
X
j±i

JijVj�t�1 hi�ext�
0@ 1A �1�

whereF is a binary transduction function (Eq. (2);Jij is the
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connection strength between neuronsi and j; andhi�ext� is
any external input to neuroni. Note that the implementation
uses immediate decay of the external input: it is used for a
single timestep, and then set to zero (i.e. no input clamping).

Transduction functionF is simply the sign function:

F�I � �
21 I , u

11 I $ u

(
�2�

where thresholdu � 0:
Views consist ofN random binary variables, such that:

P�hbm
i � � ad�hbm

i 2 1�1 �1 2 a�d�hbm
i � �3�

;b; m , i wherei � 1;…;N indexes the neuron;m � 1;…; s
indexes the view within an object (as doesn ); b � 1;…;Po

indexes the object (as doesg ); anda is the pattern sparse-
ness (for [0,1] binary patterns, simply the proportion of
components taking value 1, but see Rolls and Treves,
(1998), which corresponds to the symbolw used by Parga
and Rolls. The implementation ensures that each of the total
number of views�L ; sPo� consists of exactly the same
number of 1s�N 0a � baN 1 0:5c; the rounded equivalent of
sparsenessa applied to allN cells). The actual procedure set
the firstN 0a components of each pattern to 1, the remaining
N 2 N 0a components to 0, and then randomly sorted those
components.

The invariant recognition model of Parga and Rolls is
unique, however, in how it specifies the synaptic strengths.
This implements the strength of association between the
different views of an object, with detail:

Jij �
dij

a�1 2 a�Nd

XPo

b�1

XS
m;n�1

�hbm
i 2 a�xmn�hbn

j 2 a� �4�

givenxmn as the strength of the association between views
(m andn ) of the same object (b):

xmn � dmn 1 b�1mn 2 dmn� �5�

x̂ �

1; b; …; b; b

b; 1; …; …; b

…; …; 1; …; …;

b; …; …; 1; b

b; b; …; b; 1|����������{z����������}
s

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
The implementation described here in fact extends the
generality of this scheme by allowing specification of
each such association strength, termed:

• bv between each view and itself (1, in all simulations
here);

• bo (or simply b, and used interchangeably in this paper)
between each view and all other views of the same
object; and

• bd between each view and all other views of different
objects.

Connectivity probabilityd (termed “dilution”, though it is
in fact dilution’s complement, with full connectivity at
d � 1) is included by random variabledij distributed
according to:

P�dij � � dd�dij 2 1�1 �1 2 d�d�dij � �6�
Connectivity is full �d � 1� unless stated otherwise.
Network loading is defined by:

a ;
sPo

Nd
�7�

The remaining unspecified parameter is the external cue,
hi�ext�; which is a distorted version of one of the views,
albeit retaining the constant number of 1s�N 0a; as above).
Distortion was applied by first calculating the number of 1s
which must be common between the view and its distortion
�N1 � b0:5 1 Na2 1 r�Na2 Na2�c� for some desired cue/
view Pearson product-moment correlationr, and thus the
number of pattern components which must swap values
�ND � N 0a 2 N1�: A distorted view is thus a direct copy of
the original except withND randomly selected original 0s set
to 1 andND randomly selected original 1s set to 0. The actual
distorted external cue used is nowhbmi �ext� � g� ~hbm

i � where
g( ) is a function which translates values from the pattern
domain to those appropriate for the transduction functionF ,
and ~hbm is view m of objectb distorted as detailed above.
GivenF as the sign function (Eq. (2)), the translation func-
tion is:

g�I � �
21 I � 0

11 I � 1

(
�8�

Note that except where specified otherwise, all cues used
were distortion-free, being simply the views themselves
subject to translation byg( ).

Dynamics of the implementation are fully parallel (all
neurons calculate their transduction functions simulta-
neously) and are thus deterministic. Performance was simi-
lar when using stochastic dynamics (where the neuron to be
updated is chosen at random, optionally with or without
replacement during each epoch), but was somewhat less
predictable: deterministic dynamics removed a source of
inter-trial variability considered unnecessary in this study.

3. Performance evaluation

The model’s theoretical basis shows that the network
loading (a ) and, particularly, intra-object view association
strength (bo, generically termedb) prescribe thephasein
which the system operates. Three phases exist:

1. view: where an attractor exists for each view;
2. object: where an attractor exists for each object, over-

lapping equally with each view; and

M.C.M. Elliffe et al. / Neural Networks 13 (2000) 225–237 227



3. spin-glass: where the attractor reached is not correlated
with any view of any object.

The criteria for inclusion in each phase are quantified by the
use of two metrics, each based on the Pearson product-
moment correlation:

r�V;mbn� �

XN
j

Vjh
bn
j 2 NmVmhbn

0@ 1A
�N 2 1�sVshbn

�9�

whereV is a network state (with meanmV and standard
deviationsV) andhbn is then th view of objectb .

The “View Metric” identifies the view phase using:

Mv � r�V;mbn�2 max�;g;m±b;n : r�V;mgm�� �10�
which is simply the correlation between the attractor state
and the cued object view�bm� less the maximum correlation
between the attractor state and any other view. Thus, posi-
tive values occur only where the state is more correlated
with the cuedview than with any other view, including
other views of the same object.

The “Object Metric” identifies the object phase using:

Mo � min�;n : r�V;mbn��2 max�;g±b;n : r�V;mgn�� �11�
which is simply the minimum correlation with any view of
the cued object (b ) less the maximum correlation with any
view of any other object. A positiveMo value thus indicates
that the network state is more correlated with all views of
the cued object than withany view of any other object.

TheMv andMo values reported for entire networks are the

mean such values over all cues (one for every view of every
object), unless otherwise stated.

The spin-glass phase is generally identified by default:
that is, it is assumed to apply where neither of the other
metrics positively identifies the phase (i.e. bothMv andMo

are zero).
Note that stability is evaluated by calculating the correla-

tion between the current and previous network states. Where
the correlation differs by less than a specified threshold
(0.001) for a specified number of iterations (10), the
network is deemed to have achieved stability. The number
of iterations required to reach a view- or object-retrieval
attractor is small (typically # 6 throughout this study),
whereas the number of iterations required to reach a spin-
glass attractor may be much greater:4 a pragmatic limit
(100) to the number of iterations was therefore used.

4. Analytic/empirical performance comparison

The first empirical investigation was comparison with the
analytic results reported by Parga and Rolls (1998). Simula-
tions were therefore run ranging over a similar�a;b� para-
meter space, with five views for each object (s).

Fig. 1 shows the resultant “view” (top-left) and “object”
(top-right) metrics, including a plane with view metric 0 to
highlight positive values. The resultant phase diagram
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Fig. 1. Model performance givenN � 1000; d � 1; a� 0:5; ands� 5 view objects ranging across loading (a) and intra-object association strength (b). The
individual “view” (top-left) and “object” (top-right) metrics are shown, together with the resultant empirical phase diagram (bottom-left). For comparison, the
analytical phase diagram is also shown (bottom-right).

4 The exact nature of all high-iteration states is not investigated here:
given asymmetrically diluted connectivity, for example, cyclical or chaotic
state sequences might be followed. In either case, however, the states are
not retrieval attractors, which are the object of this study.



(bottom-left, where I is the view phase; II the object phase; and
III the spin-glass phase) is also shown, with the analytic results
of Parga and Rolls shown in the bottom-right for comparison.
The empirical phase diagram shows boundaries in two forms:
solid lines are contours where the metrics reach zero (indicat-
ing no retrieval, the analytic phase boundary), while dotted
lines are contours where the metrics reach 0.75 of their maxi-
mum, provided to indicate the landscape of the space. The
points where the space was sampled in the empirical investi-
gations are shown as “·”-marks, and are reproduced on the
analytical diagram for ease of comparison.

The empirical and analytic results are very similar, with
special attention being drawn to the following points.

First, the empirical view phase extends to higher values of
b than the analytic equivalent, and indeed the view and
object phases appear to overlap. By examination of the
“view metric” results (top-left), however, it is clear that
the metric decreases sharply as soon asb exceeds some
crucial value: the dotted phase boundary shows the contour
where the metric surface passes through 0.75 of its maxi-
mum, and is now very close to the analytic boundary. The
empirical results show that while the view phase does end
abruptly, there is a thin region of parameter space where
stable attractor states exist for only some rather than all
views. Moreover, the region of apparent phase overlap
shows that the empirical environment allows at least one
attractor to be shared by several views of the same object,
while other views have individual attractors.

Second, the empirical object phase boundary occurs at
smaller values ofa than the analytic equivalent, though at
high b the empirical object phase extends to marginally
highera .

Three issues are relevant to both points:

1. Interpolation: the parameter space has only been
sampled at the “·”-marks shown. The contours shown
are the result of linear interpolation between these sample
points, and thus are indicative rather than precise.

2. Finite size:the networks used consist of a finite number
of neurons�N � 1000�; and thus some variation from
analytic performance is to be expected (i.e. while the
pattern generation process is genuinely random, it may
well be the case that some views, whether they be within

the same or different objects, will be more correlated with
each other than with any other view). Note that the posi-
tion and general form of the phase transitions has been
confirmed with larger networks�N � 3000�; but that
production of a fully sampled phase diagram, for exam-
ple, is prohibitively computationally expensive. The
value of N at which finite size effects are effectively
eliminated for this paradigm remains unknown.

3. Treatment of non-retrieval states:the metrics both return
0 (zero) where a cue presentation fails to result in a
retrieval state, since there is no evidence for inclusion
in either the view or object phase. The results shown
are the mean metric values over all presented cues,
however, and thus the empirical phase boundaries show
the outer limits of the parameter space where evidence to
support each phase has been found.

The dotted line at 0.75 of the maximal object metric has
been included purely for consistency with the “view phase”
presentation.

5. Cue distortion

The cues presented for retrieval may vary, being imper-
fect (i.e. distorted) versions of object views. The network
was shown to be tolerant to these variations, with the
following quantitative results.

Fig. 2 shows the effect of different quantities of distortion
of the view-based cues, expressed in terms of the correlation
between view and cue, across a range of network loading
(a ). Eight cues were generated for each view at each
required correlation level, with the values shown being the
mean of the resultant object metrics across all such presen-
tations. Constant parameter values include the number of
views per object �s� 5�; the intra-object association
strength �b� 0:7; an arbitrary choice); and the level of
pattern sparseness�a� 0:5 for the left-hand graph;a�
0:1 for the right).

The results show that as either network loading increases or
cue/view correlation decreases, so the object metric values
generally decrease. However, the right-hand graph (low spar-
seness) shows particularly clearly that at any constant network
loading, the cue need only be above some critical correlation
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Fig. 2. Cue Distortion. Object metric performance givenN � 1000; d � 1; b� 0:7; ands� 5 for a� 0:5 (left) anda� 0:1 (right) across ranges of network
loading (a) and cue/view correlation (r).



threshold for performance to be maximal: as network loading
increases, so this correlation threshold also increases. The
important result shown is thus that cues need not be perfect
versions of the object views, with the model able to generalise
across novel cues provided that those cues are correlated suffi-
ciently closely for the given network loading.

Note that the effect of varying pattern sparseness (a) is
investigated systematically in Section 8.

6. Association strength

Fig. 3 shows both view (left) and object (right) performance
across ranges of the association strength parametersbo

(between different views of the same object) andbd (between
views of different objects) for a variety of network sizes and
loadings. The top row shows results forN � 1000 anda �
0:025; the middle row forN � 2000 andN � 0:025; and the
bottom row forN � 1000 anda � 0:05: Note that strengthbv

(between each view and itself) is held constant at 1.
Both the view (left) and object (right) graphs show that

small inter-object association strength (bd) is required to
gain positive metric values and, as shown in Section 4,
increasing intra-object association strength (bo, or generic
b) moves the model from the view to the object phase.

Inter-object association strengthbd introduces a term in
the mean current of each neuron which is of orderbd

���
N
p

;

and will tend to destabilise the attractors. Comparison of the
top row graphs�N � 1000; a � 0:025� with either the
middle �N � 2000; a � 0:025� or bottom�N � 1000; a �
0:05� row shows that increasing network size (N) or network
loading (a ) decreases the size of both phases in [bo,bd]-
space. In the analytically tractable limit of infiniteN, no
stable attractors exist wherebd ± 0 : the results here are
thus an effect of finite size, with the networks sufficiently
small (and lightly loaded) so that the destabilising term does
not dominate the neuronal current.

7. Connectivity dilution and symmetry

Connectivity dilution (d) refers to the probability that any
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Fig. 3. Association strength. View (left) and object (right) metric performance givend � 1; a� 0:5 ands� 5 across ranges of association strengthsbo

(between views of the same object) andbd (between views of different objects). The top row shows results whereN � 1000 anda � 0:025; the middle row
whereN � 2000 anda � 0:025; and the bottom row whereN � 1000 anda � 0:05:



two neurons are connected:d � 0 specifies no connectivity,
while d � 1 specifies full connectivity. Symmetric connec-
tivity includes the constraint that where connectionJij exists
(between neuronsj and i), so connectionJji (between
neuronsi andj) also exists, and is an important assumption
underlying much analytical investigation (for the seminal
example, see Hopfield (1982). Asymmetric connectivity
relaxes this constraint, such that there will not necessarily
be a connection between two neurons in both directions.
Asymmetric connectivity is of interest to explore by simula-
tion, both because it is the usual situation in the brain, and
because theoretical analyses usually assume symmetric
connectivity (see Rolls and Treves, 1998). We therefore
describe the effects of dilution of both symmetric and asym-
metric connectivity on the operation of this network.

Fig. 4 shows performance detail given dilute connectivity
in both symmetric (left) and asymmetric (right) form,
presented based on changing network loading (a , top) or
the number of objects stored (Po, bottom). The number of
views per object (s) was fixed at 5, and the strength of
association between different views of the same object (b)
was 1. Note that the results are shown over botha andPo

since the former allows comparison with the infinite-N
analytical case, while the latter allows more detailed regular
sampling (i.e. sincea � sPo=Nd is a function ofd, andsand
Po are integers, so less denseregular sampling of
�a;d�-space is possible).

The first notable result is that performance under the
symmetric and asymmetric paradigms is extremely similar:
the graphs vary only in very minor detail. Second, perfor-
mance generally decreases as either the network loading or
the number of objects increases. Third, where the total
number of objects (Po) is kept fixed, so decreasing

connectivity also decreases retrieval performance.
However, where the number of objects per connection (a )
is kept constant, decreasing the connectivity thenincreases
retrieval performance: more dilute connectivity (i.e. fewer
connections) allows better retrieval performance propor-
tional to the overall number of connections available.
Finally, for each number of objects stored (for a given
network size and sparseness), there is a threshold level of
connectivity which is required to gain maximal perfor-
mance, and above which no additional connectivity
provides additional performance.

8. Sparseness

Following Gardner (1987), Tsodyks and Feigel’man
(1988), and others (Treves, 1990, 1991a,b), we expected
that decreasing pattern sparseness (a) would result in gener-
ally higher capacity (more patterns stored). Fig. 2 shows
object metric values using 5-view objects given sparseness
values ofa� 0:5 and a� 0:1; and is entirely consistent
with this expectation. This section presents a systematic
empirical investigation of the relationship between sparse-
ness (a) and the number of views of each object (s).

Fig. 5 shows values of the object metric for varying
numbers of views per object�s� 2–7; each presented in a
separate graph, with even values to the left and odd to the
right); network loading (a ); and sparseness (a). The maxi-
mal sparseness shown is 0.5: values greater than 0.5 give
equivalent performance to values the same margin less than
0.5 (e.g.a� 0:6 yields equivalent performance toa� 0:4).
The minimal sparseness shown is 0.1, with smaller values
particularly susceptible to finite size effects�N � 1000�:
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Fig. 4. Connectivity dilution and symmetry. Object metric performance givenN � 1000; b� 1; a� 0:5; ands� 5 across a range of connectivity dilution (d)
for both symmetric (left) and asymmetric (right) connectivity, presented given changing network loading (a , top) or the number of objects stored (Po, bottom).



Finally, the strength of association between views of the
same object (b) was fixed at 1. The notable results are as
follows.

First, values of the object metric arenot simply propor-
tional to the decrease of sparseness, but instead vary gradu-
ally between performance peaks and troughs. Where
performance is high (e.g. at the peaks), capacitydoes
increase with decreasing sparseness, but the expected spar-
seness/capacity relationship does not hold in general.

Second, the number of performance peaks and troughs is
directly proportional to the number of views per object (s).
For example,s� 2 yields one peak ata < 0:25 and one
trough ata < 0:5; s� 3 yields two peaks ata < 0:17 and
0.5, and one trough ata < 0:33; ands� 4 yields two peaks
and two troughs.

Third, a sparseness of 0.5 (the left-hand edge of each
graph) corresponds to either a performance peak or trough,
depending on whethers is odd or even.

The third result is of particular interest here, sincea� 0:5
was used in the analytical results of Parga and Rolls (1998)
and (consistent with Amit, Gutfreund & Sompolinsky
(1985) showed that the network has mixed symmetric states
(i.e. with equal correlation with alls patterns) only wheres
is odd. The empirical investigation has confirmed that
analysis, showing that performance with evens and a�

0:5 is very poor.5 However, Fig. 5 shows that with evens,
performance is not poor at all values ofa (e.g. givens� 2;
there is a broad peak ata < 0:25), and likewise with odds
performance is not good at alla. Amit et al. (1985) show
that the distribution of the stored patterns is a critical
component underlying the existence of stable states, and
thus we explore the relevant detail next.

Fig. 6 shows the result of a statistical investigation into
the “intra-object interference” between different views of
the same object for the same parameter values as the simu-
lations of Fig. 5. Such interference is expressed here in
inverted form, being the probability that the absolute net
effect on some synapse�Jij � of storing all views of a single
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Fig. 5. Sparseness. Object metric performance givenN � 1000; d � 1; b� 1; ands� 2;3;4; 5; 6; 7 across ranges of network loading (a) and sparseness (a).

5 The non-zero object metric ata� 0:5; evens; and very low loadings is
a very special case. The typical scenario includes an attractor, which is not
equally correlated with all object views. Suchasymmetricattractors (which
are not accommodated by the underlying theoretical framework) do gain a
positive object metric, since the attractor is more correlated with all views
of this object than with any view of any other object. The object metric
could be modified to detect such attractors, returning zero if the difference
between the minimum and maximum correlations between the attractor and
different views of the cued object was greater than a theoretical limit�u �
O� �����

1=N
p ��: Empirical analysis using such a metric reduced quantitative

performance values given evens and a� 0:5; but otherwise made no
difference to the qualitative results presented. Note that the empirical finite
size environment makes truly symmetric correlations most unlikely.



object is greater than some limiting valuec (i.e.
P�uDJij u . c�). The actual limiting value used here isc�
1=N since this yielded curves of a convenient level of detail:
similar general forms of the curve result from different
values ofc, corresponding to the varying probabilities that
the net effect of storing one object will become negligible
given influences on this synapse from storingotherobjects.

The graphs show two curves, with the solid line showing the
theoretical statistical result (by calculating the probability
and effect of the various possible pattern value combinations
at neuronsi andj) at a resolution ofDa� 0:01; and a dotted
line connecting the empirical result given by storing a single
object in the model itself (averaged over eight different
random seeds, shown between standard error bars). The
form of these curves matches the simulation performance
curves in great detail, with the number and location (ina) of
performance peaks and troughs all but identical.

The rationale behind this statistical approach is that
where an even number of influences exist, equal but oppo-
site influences can effectively cancel each other: at any one
synapse, the individual effect of storing any one view may
be substantial, but the net effect of storing several views
may be nothing at all. As one changes sparseness (a) and
the number of views per object (s), so the probability of
balancing influences also changes, and gives rise to the
performance variation shown. Appendix B provides a
signal-to-noise analysis consistent with the empirical results
presented.

Note that the intra-object interference effect varies not
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Fig. 6. Intra-object interference probabilities givenN � 1000; d � 1; b� 1 and across a range of sparseness (a), when storing a single object ofs�
2; 3; 4; 5; 6; or 7 views (i.e.a � 0:002; 0.003; 0.004; 0.005; 0.006; and 0.007, respectively).

Fig. 7. Intra-object interference probabilities givenN � 1000; d � 1; and
a� 0:5 for varying b when storing a single object ofs� 5 views (i.e.
a � 0:05).



only with sparseness (a) but also with the strength of
association between different views of the same object
(b). Fig. 7 shows the quantitative interference probabil-
ities givens� 5; a� 0:5; and b in the range [0,1]. The
probability of avoiding interference is maximal (1) at
the limits of b, and minimal (0.71) at values ofb in the
range [0.4002,0.4997].

9. Discussion

The results presented in this paper are consistent with and
support the analytic model introduced by Parga and Rolls
(1998), showing how an attractor network can retrieve an
object-specific representation given presentation of any
view of that object. The application we have in mind is
invariant object recognition, although clearly the results
are quite general: each “object” could be considered an
arbitrary pattern class, with each “view” an arbitrary
member of that class. Thus, while we have presented the
results in terms of recognition which is invariant across
object views (i.e. rotation in depth), the approach is of
course relevant to other types of invariant recognition,
including position invariance; size invariance; and rotation
invariance. Wallis and Rolls (1997)) investigated a feed-
forward architecture which also exhibited invariance, with
a particular utility of the current approach being its analytic
tractability: issues such as network capacity can be analysed
and measured quantitatively. The empirical results
presented here show good agreement with the analytic
prediction.

The analytic model introduced a specific issue: at sparse-
ness (a) of 0.5, stable symmetric states exist for odd
numbers of patterns (s), but not for even. The results
described in this paper show that this result holds empiri-
cally (see Fig. 5, where the object metrics ata� 0:5 show a
peak given oddsbut a trough given evens), but also that the
same approach to transform invariance does hold for even
numbers of views of each object: all that is required is an
appropriate level of pattern sparseness. The relationship
between pattern sparseness and object-retrieval perfor-
mance is entirely predictable for a given number of views
per object (see Fig. 6), being a simple consequence of the
probability of binary patterns to cause interference by
cancellation. The specific strength of the association
between different views of the same object (b) also affects
the degree of such interference, although the effect is weak.
Reduction of the general effect of interference by cancella-
tion is likely to involve systems which can store non-binary
patterns, thus including neurons which can assume non-
binary firing rates, and will be the subject of a future inves-
tigation.

The results described here also extended the previous
analytic results in a number of other ways, and are of parti-
cular relevance to how such networks might operate in the
brain.

First, an important issue is that the approach was shown
to work well not only with diluted connectivity, but also
with asymmetric connectivity (see Fig. 4). The assumption
of symmetric connectivity, which underlies the analytic
treatment, is shown here to be unnecessary for effective
network operation.

Second, as expected, reducing the sparseness increased
the numbers of different objects that could be stored in the
network (see Figs. 4 and 5), albeit that it is not independent
of the cancellation effect described above (i.e. the increase is
seen only by comparing capacity at performance peaks).
Reducing the sparseness is effective of course only within
limits, determined in practice largely by finite size effects
that occur in simulations but which would be less likely to
occur in the brain given the large numbers of neurons and
synapses involved in typical networks (see, for example,
Rolls and Treves (1998)).

Third, the empirical analysis also showed the model’s
tolerance to cue distortion, showing good retrieval of
objects even when the cue was distorted (see Fig. 2). Such
cue distortion is relevant to normal invariant pattern
recognition, in that we rarely see a retrieval cue, such as a
view of an object, in exactly the same way that we originally
learned about that object. The network in this sense could
complete from incomplete views, and generalise from
similar views.

Fourth, the simulations also showed that the system
would still operate correctly when there was some associa-
tion between the views of different objects. This is relevant
to systems which learn invariant representations by incre-
mental means, for example by using a trace rule (Fo¨ldiák,
1991; Griniasty et al., 1993; Rolls, 1992; Wallis & Rolls,
1997; c.f. Sutton & Barto, 1981). In such a scheme, if the
decaying memory trace, which enables association between
different views of an object, is not reset between objects,
there will be some (though weak) association between views
of different objects. The results described here show quan-
titatively how a system of finite size operates under condi-
tions when such associations exist. These associations must
of course be much smaller than the associations between the
different views of a single object.

Fifth, the investigations described here also provide an
explanation of why the results of Parga and Rolls (1998)
could only be applied directly when odd numbers of views
of each object were stored. It was shown here that peaks and
troughs in the performance graphs occurred depending on
the number of views (s) of each object that were being
stored, and the sparsenessa of the representation. These
peaks and troughs were shown to be related just to whether
or not with the binary patterns used there were particularly
large values of synaptic weights which resulted from inter-
ference between the patterns. The results of Parga and Rolls
(1998) involved investigations only witha� 0:5; and with
binary patterns and even numbers of views of each object,
interference at synapses occurred, and correct storage could
not be demonstrated, although it could if odd numbers of
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views of each object were stored. As shown here, this inter-
ference is not a fundamental limitation of the model at all,
but is just due to the particular way in which binary patterns
can interact. In the brain, where the storage would not be of
strict binary numbers but something which more closely
approximates continuous firing rates of neurons to different
associated views, and where the number of synapses per
neuron would be much larger, the variations in storage abil-
ity associated with statistical fluctuations of binary combi-
nations would not apply, and the system would be expected
to perform consistently well regardless of the particular
number of views of each object stored.

In conclusion, the work described in this paper has shown
by simulation that in an attractor network in which the
storage capacity can be rigorously investigated, the network
can perform well at invariant object recognition when the
different exemplars of each object are associated together in
a synaptic matrix of the type that could be set up by the
operation of a trace learning rule (see Wallis and Rolls
(1997) and Rolls and Milward (2000).

Appendix A. Pattern domain

Identical results to the above can be obtained with an
arbitrary choice of binary pattern values: the [0,1] language
used above was purely for notational convenience, with
[21,11] (Gardner, 1987; Hopfield, 1982) or whatever
able to be used without incident. The necessary changes
to the above formalism are, first, to change the pattern
generation, distortion, and translation formulae so that arbi-
trary minimum (jmin) and maximum (jmax) token values are
used rather than the implied 0 and 1. The new translation
function, for example, becomes:

g�I � �
21 I � jmin

11 I � jmax

(
�12�

Second, rawa is no longer the pattern mean�jm�; and thus
the synaptic matrix calculation becomes:

Jij �
dij

s2
j Nd

XPo

b�1

XS
m;n�1

�hbm
i 2 jm�Xmn�hbn

j 2 jm� �13�

wheres2
j is the pattern variance.

Note that the effect of these changes is to make explicit
the separation between the particular values chosen for the
pattern domain and the actual neuronal outputs (V) as
prescribed byF , thence building an identical synaptic
matrix independent of the specificjmin and jmax chosen.
Since these domains may well be different (g( ) may not
be the identity function), performance evaluation through-
out this work is based on state/patterncorrelation rather
than simple overlap.

Appendix B. Intra-object interference analysis

An alternative explanation of the destabilisation of the
object phase for some values of sparsenessa and number
of object viewss can be given by a “signal-to-noise” analy-
sis. Such an analysis studies the relative contribution of the
object-selective (signal) and object-unselective (noise)
components of the effective current received by a given
neuron when the network is in a particular state. Note that
our primary interest is in the stability of the object phase,
and thus we here perform the signal-to-noise analysis
assuming that the network is in a symmetric object attractor
state (i.e. with equal overlaps with all views of a given
object). Further, for simplicity, we also assume that the
network is fully connected�;i±j i; j : dij ; 1�; although the
result can easily be extended to accommodate dilute
connectivity.

The effective current (or local field) to neuroni given
network state {nj} (where j � 1;…;N) is:

hi �
XN
j±i

Jijnj � 1
Na�1 2 a�

XN
j±i

XPo

b

Xs

m;n

~hbm
i xmn ~hbn

j nj �14�

using ~hbm
i ; �hbm

i 2 a�:
To simplify the analysis, we change network state

representation: individual neuronal activities (21,11)
become (0,1) bynj � 2n 0j 2 1: We then separate object
b 0’s contribution Sb0

i from R, the sum of the contribu-
tion of all objects different fromb0. The signal and noise
components of the effective current areSb0

i andR, respec-
tively, given by:

hi � 2
Na�1 2 a�

XN
j±i

Xs

m;n

~hb0m
i xmn ~hb0n

j n 0j 1 R ; Sb0
i 1 R �15�

Note that the representation change means that the original
signal is effectively decomposed into two components: one
proportional ton 0, represented bySb0

i ; and one independent
of n 0 and with zero mean, which is thus included inR.

The magnitude ofR is a random quantity with mean zero
and variance proportional to network loadinga , and is
independent of both the object-specific signal�Sb0

i �
and the neuron (i) in which the current applies. For
our purposes here it is sufficient simply to note thatRcauses
a random fluctuation of ordera in the effective current to
any neuron.

Dropping the object index fromSb0
i ; and defining the

overlap of the network state with a given view as:

mm ;
1

Na�1 2 a�
XN

j

~hm
j n
0
j �16�

the signal can be expressed as:

Si � 2
Xs

m;n

~hm
i x

mnmn �17�
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We can then use the assumption of object attractor symme-
try (i.e. ;m : mm � m) to obtain:

S� 2m�1 1 b�s2 1��
Xs

m

~hm
i ; m�1 1 b�s2 1��z �18�

where we have defined:

z�
Xs

m

~hm
i �19�

The signal at neuroni given that the network is in an object
attractor state is, therefore, proportional to the sum of the
differences between the activity value of neuroni in all
views of that object and the neuron’s mean activity. As
we will now show, given the stochastic nature of the
patterns which represent the views, there are certain values
of the parameterss and a for which there is a non-zero
chance that this sum (the variablez) will vanish. Wherez
is zero, the receiving neuron will be driven entirely by the
noise component of the current: the subsequent state will be
random, and thus any object state would be destabilised.

The explanation requires the probability thatzvanishes, a
value which depends on the probability distribution of the
hi : This distribution can be interpreted as the fraction of
neurons which receive zero signal, able to be calculated as
follows.

The variablez can takes1 1 different values, depending
on the numberk of views in which neuroni takes the value
1. One can use this number to parametrisez, sincez ; zk �
k 2 sawherek � 0;…; s: One immediately sees that ifn�
sais an integer,zwill vanish at one or more non-zero values
of k (i.e. wherek � 1;…; n�: The probability distribution of
zk is simply:

P�zk � k 2 sa� � ak�1 2 a�s2k s!
k!�s2 k�! �B7�

and thus, for given�a; s� such thatsa� n is an integer, the
fraction pR of neurons driven solely by noise is:

pR �
Xn
k�1

P�zk� �B8�

As an example, ifa� 0:5 and s� 4 so pR � 5=8: This
means that if the network were originally in an object
state, the very next iteration would result in more than
half of the neurons updating according to noiseR alone.
Since this noise is uncorrelated with the signal, an average
fraction ofpR=2 neurons will update incorrectly, making this
state highly unstable.

This analytical result agrees with the numerical results of
Fig. 5, such that for each number of views per objects, the
values ofa which give a performance minimum are integer
multiples of 1=s:
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