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Abstract

This paper describes an investigation of a recurrent artificial neural network which uses association to build transform-invariant repre-
sentations. The simulation implements the analytic model of Parga and Rolls [(1998). Transform-invariant recognition by association in a
recurrent networkiNeural Computation 1®), 1507-1525.] which defines multiple (e.g. “view”) patterns to be within the basin of attraction
of a shared (e.g. “object”) representation.

First, it was shown that the network could store and correctly retrieve an “object” representation from any one of the views which define
that object, with capacity as predicted analytically.

Second, new results extended the analysis by showing that correct object retrieval could occur where retrieval cues were distorted; where
there was some association between the views of different objects; and where connectivity was diluted, even when this dilution was
asymmetric. The simulations also extended the analysis by showing that the system could work well with sparse patterns; and showing
how pattern sparseness interacts with the number of views of each object (as a result of the statistical properties of the pattern coding) to give
predictable object retrieval performance. The results thus usefully extend a recurrent model of invariant pattern recd@o@ioIEIsevier
Science Ltd. All rights reserved.
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1. Introduction representations, so transform-invariant representations
could develop (Flaiak, 1991; Griniasty, Tsodyks & Amit,
Single neurons with responses which are relatively invar- 1993; Rolls, 1992; Rolls, 1997). Such representations would
iant with respect to the position, size, view (rotation in be unlikely to span multiple different objects, given that
depth), and other transformations of an object or face areviews of different objects are unlikely to repeatedly occur
present in the primate temporal visual cortical areas (see e.gclose together in time.
Booth & Rolls, 1998; Gross, Desimone, Albright & Foldiak (1991) showed translation invariance over a one-
Schwartz, 1985; Rolls, 1992; Rolls, 1994; Rolls, 1995; dimensional input array to be possible for a simple compe-
Rolls, 1997; Tanaka, Saito, Fukada & Moriya, 1991). titive network with an associative Hebb learning rule includ-
How could such invariant representations be formed? Oneing a decaying trace of previous neuronal activity. Rolls
suggestion is based on the temporal statistics with which (1992,1994,1995) suggested that invariant representations
objects are normally experienced in the visual world: the could be formed in the visual system for two-dimensional
identity of the presented object changes relatively slowly by images using a similar learning rule in a multi-layer feed-
comparison with the faster-changing transformation (e.g. forward architecture, incorporating many neurobiological
view) of that object. Thus, if an on-line learning rule properties such as limited inter-layer connectivity and soft
could include a short-term memory trace, such that views competition. This system was simulated by Wallis and Rolls
presented close to each other in time (e.g. at successivg1997) and was shown to be capable of performing transla-
training steps) could be associated together to gain similartion- and view-invariant object recognition.
In an approach to the learning of associations between
_— adjacent pairs of patterns in a sequence, Griniasty et al.
*?OrreSponding author. (1993) introduced a recurrent model (a single-layer auto-
, MRC Program Grant PG8513790. . . associator, or “attractor” network) with a fixed stimulus
McDonnell-Pew Centre for Cognitive Neuroscience, Oxford Univer- . . . .
presentation order and a learning rule which incorporated

sity: European Network Grant. ¢ . . b !
% Spanish Ministry of Education and Culture Grant PB96-47. correlation between activity and the immediate preceding
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stimulus (i.e. a form of trace), and showed that the resultanttemporal into spatial correlations provides invariant
attractors included partial correlation with temporally prox- representations even in th&orst case scenarioin
imal stimuli. Parga and Rolls (1998) generalised this which views corresponding to images close in time are
approach to include equal association betwaklifferent represented by independent patterns.
views of the same object, and defined the resultant model in It should be stressed that the type of generalisation that
analytically tractable form. Their analysis showed that the our model accomplishes by creating a single attractor that
strength of association between the views of each object wascan be reached from any of the local views of an object is
a critical parameter: at low association strength the model very different from the generalisation over short Hamming
exhibited “view phase” behaviour, such that presentation of distances achieved by conventional associative memory
a (possibly distorted) view would result in retrieval of that systems. In the model, although the object attractor and
view; while at higher strengths the model exhibited “object the attractors corresponding to the local views are in fact
phase” behaviour, such that presentation of any view of closein Hamming distance, this fact is immaterial. What is
some object would result in retrieval of a shared representa-relevant is that the patterns corresponding to the local views
tion of thatobject can be as different as one wants. The proposed learning
A particular advantage of the Parga and Rolls model is mechanism creates a single representation for the whole
the analytic investigation it allows, and the quantitative object, which is based on the perceived partial representa-
parameter predictions they thus provide. For these reasonstions and their temporal correlations as experienced by the
we explore it further in this paper. In particular, we not only animal. Finally, it should also be noted that the model
confirm the results predicted by the analysis, but also extenddescribed here not only achieves invariant recognition as
the analytic results in a number of ways, several of which itis meant to, but it also employs a plausible learning proce-
are relevant to how such a system might operate in the brain.dure based on mechanisms that have the support of experi-
There have been many previous contributions addres-mental evidence (Miyashita, 1998; Miyashita & Chang,
sing the problem of networks capable of achieving recog- 1988; Yakovlev, Fusi, Berman & Zohary, 1998).
nition with respect to various transformations in the input  The remainder of this paper investigates the performance
space. All of them look for a single representation of the model by empirical means. Sections 2 and 3 of this
reached by the network when a wide class of stimuli, paper provide the theoretical basis for the model and its
to be identified with local views of an object, are empirical performance measurement, respectively. Section
presented as input. For example, Dotsenko (1988)4 compares empirical model performance with that calcu-
proposed a network in which rotated, translated or lated analytically, while Sections 5-8 present empirical
rescaled patterns presented to the network, could beresults showing the model’'s tolerance to variation of,
recognised making use of the neuronal thresholds asrespectively, cue/view distortion; association strength;
additional dynamical variables. In this way, patterns connectivity dilution and the symmetry of that dilution;
very different from the stored ones as measured by and pattern sparseness. A discussion interprets the results
Hamming distance, could be retrieved and representedpresented, with appendices detailing the application of the
by a persistent configuration of activity if they were model to alternative binary pattern domains, and presenting
related to any of the stored patterns through the type a signal-to-noise analysis consistent with the empirical spar-
of transformations listed above. From a different perspec- seness results of Section 8.
tive, Bienenstock and von der Malsburg (1987) also
proposed a means of storing invariant representations
by changing the stored entities from patterns of activity 2. Model definition
to graphs containing information about the correlation in
the activity of the neurons. The storage and retrieval of ~The model described by Parga and Rolls (1998) provides
such graphs automatically implements invariant recogni- transform-invariant “object” fixed-point attractors in a
tion of patterns by the identification of graphs which are Hopfield-like network (Hopfield, 1982). Each such object
isomorphic. Our approach is more general, since it isrepresented by“views”, each of which is a pattern &
assumes no a priori relation between the different binary components (taking values 0 and 1, for notational
views of a given image, which are, in fact, taken as convenience, but see Appendix A).
independent. This independence between the patterns Following many previous researchers (e.g. Amit, 1989;
associated with each of the local views is, however, Treves & Rolls, 1991), “neurons” in the model are dynami-
not essential for the model to work and is only assumed cal binary variables, with valuesy{;(t)}, j=1,...,N at
for simplicity. If the local views corresponding to a timetgiven by:
given image were correlated, the associations in the
synaptic efficacies connecting the neurons active in - _ e .
each of them would be easier to create, although prob- st b= qa(; Ji7 O+ h,(ext)) @
ably the storage capacity of the network would decrease.
The model demonstrates that the mechanism transformingwhere@ is a binary transduction function (Eq. (2J;; is the
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connection strength between neuror@ndj; andh;(ext) is

any external input to neuranNote that the implementation

uses immediate decay of the external input: it is used for a

single timestep, and then set to zero (i.e. no input clamping).
Transduction functior® is simply the sign function:

-1
<1>(|)={

+1
where threshold) = 0.
Views consist ofN random binary variables, such that:

©)

VB, u,i wherei =1, ..., N indexes the neuropp =1, ...,s
indexes the view within an object (as dags 8 =1, ...,P,
indexes the object (as dog3; anda is the pattern sparse-
ness (for [0,1] binary patterns, simply the proportion of
components taking value 1, but see Rolls and Treves
(1998), which corresponds to the symhmlused by Parga
and Rolls. The implementation ensures that each of the total
number of views(L = sP,) consists of exactly the same
number of 19N/, = |aN + 0.5), the rounded equivalent of
sparsenessapplied to allN cells). The actual procedure set
the firstN}, components of each pattern to 1, the remaining
N — N/ components to 0, and then randomly sorted those
components.

The invariant recognition model of Parga and Rolls is
unique, however, in how it specifies the synaptic strengths.
This implements the strength of association between the
different views of an object, with detail:

<0

2
=0

P(rf*) = ad(nf* — 1) + (1 - @)8(n*)

P, S
AN 2 2 A —a @

B=1 pr=1

Jij =

given y*” as the strength of the association between views
(n andv) of the same objectd):

X" = 8" + b1 — ) (5)

1, b, . b, b )
b, 1, w m D
v=1 1 o e
ba " - 1, b
b, b .., b 1

The implementation described here in fact extends the
generality of this scheme by allowing specification of
each such association strength, termed:

¢ b, between each view and itself (1, in all simulations
here);

e b, (or simplyb, and used interchangeably in this paper)
between each view and all other views of the same
object; and
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e by between each view and all other views of different
objects.

Connectivity probabilityd (termed “dilution”, though it is
in fact dilution’s complement, with full connectivity at
d=1) is included by random variable} distributed
according to:

P(dj) = dé(dy — 1) + (1 — d)d(dy) (6)

Connectivity is full (d=1) unless stated otherwise.
Network loading is defined by:

sk,
Nd
The remaining unspecified parameter is the external cue,
h,(ext), which is a distorted version of one of the views,
albeit retaining the constant number of (¢}, as above).
Distortion was applied by first calculating the number of 1s
which must be common between the view and its distortion
(N; =10.5 + N& + r(Na— Na®)]) for some desired cue/
view Pearson product-moment correlatipnand thus the
number of pattern components which must swap values
(N, = N, — Np). A distorted view is thus a direct copy of
the original except witiN, randomly selected original Os set
to 1 andN, randomly selected original 1s set to 0. The actual
distorted external cue used is nd)lﬁi’“(ext) = g(ﬁiﬁ“) where

g() is a function which translates values from the pattern
domain to those appropriate for the transduction function
and 7#* is view u of object 3 distorted as detailed above.
Given @ as the sign function (Eqg. (2)), the translation func-
tion is:

g(l)Z{

Note that except where specified otherwise, all cues used
were distortion-free, being simply the views themselves
subject to translation bg().

Dynamics of the implementation are fully parallel (all
neurons calculate their transduction functions simulta-
neously) and are thus deterministic. Performance was simi-
lar when using stochastic dynamics (where the neuron to be
updated is chosen at random, optionally with or without
replacement during each epoch), but was somewhat less
predictable: deterministic dynamics removed a source of
inter-trial variability considered unnecessary in this study.

o

(1)

-1
+1

=0
=1

8

3. Performance evaluation

The model’s theoretical basis shows that the network
loading () and, particularly, intra-object view association
strength k,, generically termed) prescribe thgphasein
which the system operates. Three phases exist:

1. view: where an attractor exists for each view;
2. object: where an attractor exists for each object, over-
lapping equally with each view; and
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Fig. 1. Model performance gived = 100Q d = 1; a = 0.5; ands = 5 view objects ranging across loading)(and intra-object association strengtf. (The
individual “view” (top-left) and “object” (top-right) metrics are shown, together with the resultant empirical phase diagram (bottom-lefijnparison, the

analytical phase diagram is also shown (bottom-right).

3. spin-glass: where the attractor reached is not correlatedmean such values over all cues (one for every view of every

with any view of any object.

The criteria for inclusion in each phase are quantified by the
use of two metrics, each based on the Pearson product
moment correlation:

where 7" is a network state (with mean,- and standard
deviationo,) and%®” is the vth view of objectg.
The “View Metric” identifies the view phase using:

(10

N
D = Niay prs
J

1% — (
AT (N = Do, o,

©

My = r(7", uP") = max(¥y, g, s 177, 1)

which is simply the correlation between the attractor state
and the cued object viegBu) less the maximum correlation
between the attractor state and any other view. Thus, posi
tive values occur only where the state is more correlated
with the cuedview than with any other view, including
other views of the same object.

The “Object Metric” identifies the object phase using:

Mo = min(¥,, : (7", uP")) = max(¥,,.g, : 1(7", w?") (1D

which is simply the minimum correlation with any view of
the cued objectf) less the maximum correlation with any
view of any other object. A positiv®l, value thus indicates
that the network state is more correlated with all views of
the cued object than witAny view of any other object.
TheM, andM, values reported for entire networks are the

object), unless otherwise stated.

The spin-glass phase is generally identified by default:
that is, it is assumed to apply where neither of the other
‘metrics positively identifies the phase (i.e. bdi and M,
are zero).

Note that stability is evaluated by calculating the correla-
tion between the current and previous network states. Where
the correlation differs by less than a specified threshold
(0.001) for a specified number of iterations (10), the
network is deemed to have achieved stability. The number
of iterations required to reach a view- or object-retrieval
attractor is small (typically=< 6 throughout this study),
whereas the number of iterations required to reach a spin-
glass attractor may be much greatea: pragmatic limit
(100) to the number of iterations was therefore used.

-4. Analytic/empirical performance comparison

The first empirical investigation was comparison with the
analytic results reported by Parga and Rolls (1998). Simula-
tions were therefore run ranging over a similarb] para-
meter space, with five views for each objesit (

Fig. 1 shows the resultant “view” (top-left) and “object”
(top-right) metrics, including a plane with view metric O to
highlight positive values. The resultant phase diagram

“The exact nature of all high-iteration states is not investigated here:
given asymmetrically diluted connectivity, for example, cyclical or chaotic
state sequences might be followed. In either case, however, the states are
not retrieval attractors, which are the object of this study.
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Fig. 2. Cue Distortion. Object metric performance giwee= 1000 d = 1; b = 0.7; ands = 5 for a = 0.5 (left) anda = 0.1 (right) across ranges of network
loading @) and cue/view correlatiorr).

(bottom-left, where lis the view phase; Il the object phase;and  the same or different objects, will be more correlated with
[l the spin-glass phase) is also shown, with the analyticresults  each other than with any other view). Note that the posi-
of Parga and Rolls shown in the bottom-right for comparison.  tion and general form of the phase transitions has been
The empirical phase diagram shows boundaries in two forms:  confirmed with larger networkgN = 3000, but that
solid lines are contours where the metrics reach zero (indicat- production of a fully sampled phase diagram, for exam-
ing no retrieval, the analytic phase boundary), while dotted ple, is prohibitively computationally expensive. The
lines are contours where the metrics reach 0.75 of their maxi- value of N at which finite size effects are effectively
mum, provided to indicate the landscape of the space. The eliminated for this paradigm remains unknown.

points where the space was sampled in the empirical investi-3. Treatment of non-retrieval statethie metrics both return
gations are shown as “-"-marks, and are reproduced on the 0 (zero) where a cue presentation fails to result in a

analytical diagram for ease of comparison. retrieval state, since there is no evidence for inclusion
The empirical and analytic results are very similar, with in either the view or object phase. The results shown
special attention being drawn to the following points. are the mean metric values over all presented cues,

First, the empirical view phase extends to higher values of  however, and thus the empirical phase boundaries show

b than the analytic equivalent, and indeed the view and the outer limits of the parameter space where evidence to

object phases appear to overlap. By examination of the support each phase has been found.

“view metric” results (top-left), however, it is clear that

the metric decreases sharply as soorbasxceeds some

crucial value: the dotted phase boundary shows the contour
where the metric surface passes through 0.75 of its maxi-
mum, and is now very close to the analytic boundary. The

empirical results show that while the view phase does end 5. Cue distortion

abruptly, there is a thin region of parameter space where

stable attractor states exist for only some rather than all The cues presented for retrieval may vary, being imper-

views. Moreover, the region of apparent phase overlap fect (i.e. distorted) versions of object views. The network

shows that the empirical environment allows at least one was shown to be tolerant to these variations, with the
attractor to be shared by several views of the same object,following quantitative results.

while other views have individual attractors. Fig. 2 shows the effect of different quantities of distortion
Second, the empirical object phase boundary occurs atof the view-based cues, expressed in terms of the correlation

smaller values otx than the analytic equivalent, though at between view and cue, across a range of network loading

high b the empirical object phase extends to marginally («). Eight cues were generated for each view at each

highera. required correlation level, with the values shown being the
Three issues are relevant to both points: mean of the resultant object metrics across all such presen-
tations. Constant parameter values include the number of

1. Interpolation: the parameter space has only been views per object(s=5); the intra-object association
sampled at the “-"-marks shown. The contours shown strength(b = 0.7, an arbitrary choice); and the level of
are the result of linear interpolation between these samplepattern sparseness = 0.5 for the left-hand grapha =
points, and thus are indicative rather than precise. 0.1 for the right).

2. Finite size:the networks used consist of a finite number  The results show that as either network loading increases or
of neurons(N = 1000, and thus some variation from cuelview correlation decreases, so the object metric values
analytic performance is to be expected (i.e. while the generally decrease. However, the right-hand graph (low spar-
pattern generation process is genuinely random, it may seness) shows particularly clearly that at any constant network
well be the case that some views, whether they be within loading, the cue need only be above some critical correlation

The dotted line at 0.75 of the maximal object metric has
been included purely for consistency with the “view phase”
presentation.
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Fig. 3. Association strength. View (left) and object (right) metric performance givenl; a = 0.5 ands= 5 across ranges of association strendths
(between views of the same object) @ndbetween views of different objects). The top row shows results wikere1000 andx = 0.025 the middle row
whereN = 2000 andx = 0.025 and the bottom row wherd = 1000 anda = 0.05.

threshold for performance to be maximal: as network loading small inter-object association strengthy)(is required to
increases, so this correlation threshold also increases. Thegain positive metric values and, as shown in Section 4,
important result shown is thus that cues need not be perfectincreasing intra-object association strengty ©r generic
versions of the object views, with the model able to generalise b) moves the model from the view to the object phase.
across novel cues provided that those cues are correlated suffi- Inter-object association strenghy introduces a term in

ciently closely for the given network loading.
Note that the effect of varying pattern sparsenedsq
investigated systematically in Section 8.

6. Association strength

Fig. 3 shows both view (left) and object (right) performance
across ranges of the association strength paraméters
(between different views of the same object) dp¢hetween
views of different objects) for a variety of network sizes and
loadings. The top row shows results fdr= 1000 anda =
0.025 the middle row folN = 2000 andN = 0.025 and the
bottom row forlN = 1000 andx = 0.05. Note that strength,
(between each view and itself) is held constant at 1.

Both the view (left) and object (right) graphs show that

the mean current of each neuron which is of ortgyN,

and will tend to destabilise the attractors. Comparison of the
top row graphs(N =100Q « = 0.025 with either the
middle (N = 200Q « = 0.025) or bottom(N = 100Q « =
0.05) row shows that increasing network si2® or network
loading @) decreases the size of both phaseshigbi]-
space. In the analytically tractable limit of infinité, no
stable attractors exist wheig # 0: the results here are
thus an effect of finite size, with the networks sufficiently
small (and lightly loaded) so that the destabilising term does
not dominate the neuronal current.

7. Connectivity dilution and symmetry

Connectivity dilution ¢1) refers to the probability that any
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two neurons are connectetl= 0 specifies no connectivity,
while d = 1 specifies full connectivity. Symmetric connec-
tivity includes the constraint that where connectiprexists
(between neurong and i), so connectionJ; (between
neurond andj) also exists, and is an important assumption
underlying much analytical investigation (for the seminal
example, see Hopfield (1982). Asymmetric connectivity
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connectivity also decreases retrieval performance.
However, where the number of objects per connectioh (

is kept constant, decreasing the connectivity timemeases

retrieval performance: more dilute connectivity (i.e. fewer
connections) allows better retrieval performance propor-
tional to the overall number of connections available.
Finally, for each number of objects stored (for a given

relaxes this constraint, such that there will not necessarily network size and sparseness), there is a threshold level of
be a connection between two neurons in both directions. connectivity which is required to gain maximal perfor-

Asymmetric connectivity is of interest to explore by simula-

mance, and above which no additional connectivity

tion, both because it is the usual situation in the brain, and provides additional performance.
because theoretical analyses usually assume symmetric

connectivity (see Rolls and Treves, 1998). We therefore
describe the effects of dilution of both symmetric and asym-

metric connectivity on the operation of this network.

Fig. 4 shows performance detail given dilute connectivity
in both symmetric (left) and asymmetric (right) form,
presented based on changing network loadimgtép) or
the number of objects store®4 bottom). The number of
views per object §) was fixed at 5, and the strength of
association between different views of the same object (
was 1. Note that the results are shown over hotand P,
since the former allows comparison with the infinite-

8. Sparseness

Following Gardner (1987), Tsodyks and Feigel'man
(1988), and others (Treves, 1990, 1991a,b), we expected
that decreasing pattern sparsenassvpuld result in gener-
ally higher capacity (more patterns stored). Fig. 2 shows
object metric values using 5-view objects given sparseness
values ofa= 0.5 anda= 0.1, and is entirely consistent
with this expectation. This section presents a systematic
empirical investigation of the relationship between sparse-

analytical case, while the latter allows more detailed regular ness &) and the number of views of each objest. (

sampling (i.e. sincee = sP,/Ndis a function ofd, andsand
P, are integers, so less densegular sampling of
[«, d]-space is possible).

Fig. 5 shows values of the object metric for varying
numbers of views per obje¢s = 2—7, each presented in a
separate graph, with even values to the left and odd to the

The first notable result is that performance under the right); network loading 4); and sparsenesa)( The maxi-

symmetric and asymmetric paradigms is extremely similar:

mal sparseness shown is 0.5: values greater than 0.5 give

the graphs vary only in very minor detail. Second, perfor- equivalent performance to values the same margin less than
mance generally decreases as either the network loading 00.5 (e.g.a = 0.6 yields equivalent performance é#o= 0.4).
the number of objects increases. Third, where the total The minimal sparseness shown is 0.1, with smaller values

number of objects K,) is kept fixed, so decreasing
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Fig. 4. Connectivity dilution and symmetry. Object metric performance gNen100Q b = 1; a = 0.5; ands = 5 across a range of connectivity dilutiag (
for both symmetric (left) and asymmetric (right) connectivity, presented given changing network loagdtog)or the number of objects store®},(bottom).
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Fig. 5. Sparseness. Object metric performance gven100Q d = 1; b= 1;
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Finally, the strength of association between views of the 0.5 is very poor: However, Fig. 5 shows that with even
same objectl) was fixed at 1. The notable results are as performance is not poor at all valuesaf{e.g. givens = 2,

follows.
First, values of the object metric art simply propor-

there is a broad peak at= 0.25), and likewise with odd
performance is not good at al Amit et al. (1985) show

tional to the decrease of sparseness, but instead vary graduthat the distribution of the stored patterns is a critical

ally between performance peaks and troughs. Wherecomponent underlying the existence of stable states, and

performance is high (e.g. at the peaks), capadbes thus we explore the relevant detail next.

increase with decreasing sparseness, but the expected spar- Fig. 6 shows the result of a statistical investigation into

seness/capacity relationship does not hold in general. the “intra-object interference” between different views of
Second, the number of performance peaks and troughs ishe same object for the same parameter values as the simu-

directly proportional to the number of views per objesit (
For example,s= 2 yields one peak a4 = 0.25 and one
trough ata = 0.5; s= 3 yields two peaks a =~ 0.17 and
0.5, and one trough at= 0.33; ands = 4 yields two peaks
and two troughs.

lations of Fig. 5. Such interference is expressed here in
inverted form, being the probability that the absolute net
effect on some synapsé;) of storing all views of a single

® The non-zero object metric at= 0.5; evens; and very low loadings is

Third, a sparseness of 0.5 (the left-hand edge of eacha very special case. The typical scenario includes an attractor, which is not
graph) corresponds to either a performance peak or trough equally correlated with all object views. Suakymmetriattractors (which

depending on whethexis odd or even.
The third result is of particular interest here, siace 0.5

are not accommodated by the underlying theoretical framework) do gain a
positive object metric, since the attractor is more correlated with all views
of this object than with any view of any other object. The object metric

was used in the analytical results of Parga and Rolls (1998) could be modified to detect such attractors, returning zero if the difference
and (consistent with Amit, Gutfreund & Sompolinsky between the minimum and maximum correlations between the attractor and
(1985) showed that the network has mixed symmetric statesdifferent views of the cued object was greater than a theoretical (it

(i.e. with equal correlation with alf patterns) only whers

O(+/1/N)). Empirical analysis using such a metric reduced quantitative
performance values given evenand a= 0.5, but otherwise made no

is odd. The empirical investigation has confirmed that difference to the qualitative results presented. Note that the empirical finite

analysis, showing that performance with eveand a =

size environment makes truly symmetric correlations most unlikely.
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Fig. 6. Intra-object interference probabilities givBih= 1000 d = 1; b= 1 and across a range of sparsene&gs \(hen storing a single object af=
2,3;4;5;6; or 7 views (i.e.« = 0.002 0.003; 0.004; 0.005; 0.006; and 0.007, respectively).

object is greater than some limiting value (i.e.
P(|AJ;| > ¢)). The actual limiting value used here ¢s=
/N since this yielded curves of a convenient level of detail:
similar general forms of the curve result from different
values ofc, corresponding to the varying probabilities that
the net effect of storing one object will become negligible
given influences on this synapse from storotgerobjects.
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Fig. 7. Intra-object interference probabilities givisn= 100Q d = 1; and

a= 0.5 for varyingb when storing a single object &f=5 views (i.e.
a = 0.05).

The graphs show two curves, with the solid line showing the
theoretical statistical result (by calculating the probability
and effect of the various possible pattern value combinations
at neurong andj) at a resolution ofAa = 0.01, and a dotted

line connecting the empirical result given by storing a single
object in the model itself (averaged over eight different
random seeds, shown between standard error bars). The
form of these curves matches the simulation performance
curves in great detail, with the number and locatiorajiof
performance peaks and troughs all but identical.

The rationale behind this statistical approach is that
where an even number of influences exist, equal but oppo-
site influences can effectively cancel each other: at any one
synapse, the individual effect of storing any one view may
be substantial, but the net effect of storing several views
may be nothing at all. As one changes sparserasand
the number of views per objecs)( so the probability of
balancing influences also changes, and gives rise to the
performance variation shown. Appendix B provides a
signal-to-noise analysis consistent with the empirical results
presented.

Note that the intra-object interference effect varies not
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only with sparsenessa) but also with the strength of
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First, an important issue is that the approach was shown

association between different views of the same object to work well not only with diluted connectivity, but also

(b). Fig. 7 shows the quantitative interference probabil-
ities givens=5; a= 0.5; andb in the range [0,1]. The
probability of avoiding interference is maximal (1) at
the limits of b, and minimal (0.71) at values df in the
range [0.4002,0.4997].

9. Discussion

with asymmetric connectivity (see Fig. 4). The assumption
of symmetric connectivity, which underlies the analytic
treatment, is shown here to be unnecessary for effective
network operation.

Second, as expected, reducing the sparseness increased
the numbers of different objects that could be stored in the
network (see Figs. 4 and 5), albeit that it is not independent
of the cancellation effect described above (i.e. the increase is
seen only by comparing capacity at performance peaks).

The results presented in this paper are consistent with andReducing the sparseness is effective of course only within
support the analytic model introduced by Parga and Rolls limits, determined in practice largely by finite size effects
(1998), showing how an attractor network can retrieve an that occur in simulations but which would be less likely to
object-specific representation given presentation of any occur in the brain given the large numbers of neurons and

view of that object. The application we have in mind is
invariant object recognition, although clearly the results

are quite general: each “object” could be considered an

arbitrary pattern class, with each “view” an arbitrary

synapses involved in typical networks (see, for example,
Rolls and Treves (1998)).

Third, the empirical analysis also showed the model’s
tolerance to cue distortion, showing good retrieval of

member of that class. Thus, while we have presented theobjects even when the cue was distorted (see Fig. 2). Such

results in terms of recognition which is invariant across
object views (i.e. rotation in depth), the approach is of
course relevant to other types of invariant recognition,
including position invariance; size invariance; and rotation
invariance. Wallis and Rolls (1997)) investigated a feed-
forward architecture which also exhibited invariance, with
a particular utility of the current approach being its analytic

cue distortion is relevant to normal invariant pattern
recognition, in that we rarely see a retrieval cue, such as a
view of an object, in exactly the same way that we originally
learned about that object. The network in this sense could
complete from incomplete views, and generalise from
similar views.

Fourth, the simulations also showed that the system

tractability: issues such as network capacity can be analysedwould still operate correctly when there was some associa-

and measured quantitatively. The empirical

results tion between the views of different objects. This is relevant

presented here show good agreement with the analyticto systems which learn invariant representations by incre-

prediction.

mental means, for example by using a trace rulddiak,

The analytic model introduced a specific issue: at sparse-1991; Griniasty et al., 1993; Rolls, 1992; Wallis & Rolls,

ness &) of 0.5, stable symmetric states exist for odd
numbers of patternss), but not for even. The results

described in this paper show that this result holds empiri-

cally (see Fig. 5, where the object metricaat 0.5 show a
peak given odd but a trough given eves), but also that the

1997; c.f. Sutton & Barto, 1981). In such a scheme, if the
decaying memory trace, which enables association between
different views of an object, is not reset between objects,
there will be some (though weak) association between views
of different objects. The results described here show quan-

same approach to transform invariance does hold for eventitatively how a system of finite size operates under condi-
numbers of views of each object: all that is required is an tions when such associations exist. These associations must
appropriate level of pattern sparseness. The relationshipof course be much smaller than the associations between the
between pattern sparseness and object-retrieval perfordifferent views of a single object.

mance is entirely predictable for a given number of views

Fifth, the investigations described here also provide an

per object (see Fig. 6), being a simple consequence of theexplanation of why the results of Parga and Rolls (1998)

probability of binary patterns to cause interference by

could only be applied directly when odd numbers of views

cancellation. The specific strength of the association of each object were stored. It was shown here that peaks and

between different views of the same objels}t &lso affects

troughs in the performance graphs occurred depending on

the degree of such interference, although the effect is weak.the number of viewsdj of each object that were being
Reduction of the general effect of interference by cancella- stored, and the sparsenes®f the representation. These

tion is likely to involve systems which can store non-binary peaks and troughs were shown to be related just to whether
patterns, thus including neurons which can assume non-or not with the binary patterns used there were particularly
binary firing rates, and will be the subject of a future inves- large values of synaptic weights which resulted from inter-
tigation. ference between the patterns. The results of Parga and Rolls
The results described here also extended the previous(1998) involved investigations only with = 0.5, and with

analytic results in a number of other ways, and are of parti- binary patterns and even numbers of views of each object,
cular relevance to how such networks might operate in the interference at synapses occurred, and correct storage could
brain. not be demonstrated, although it could if odd numbers of
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views of each object were stored. As shown here, this inter- Appendix B. Intra-object interference analysis
ference is not a fundamental limitation of the model at all,
but is just due to the particular way in which binary patterns ~ An alternative explanation of the destabilisation of the
can interact. In the brain, where the storage would not be of object phase for some values of sparserseasd number
strict binary numbers but something which more closely of object viewss can be given by a “signal-to-noise” analy-
approximates continuous firing rates of neurons to different sis. Such an analysis studies the relative contribution of the
associated views, and where the number of synapses pepbject-selective (signal) and object-unselective (noise)
neuron would be much larger, the variations in storage abil- components of the effective current received by a given
ity associated with statistical fluctuations of binary combi- neuron when the network is in a particular state. Note that
nations would not apply, and the system would be expectedour primary interest is in the stability of the object phase,
to perform consistently well regardless of the particular and thus we here perform the signal-to-noise analysis
number of views of each object stored. assuming that the network is in a symmetric object attractor
In conclusion, the work described in this paper has shown state (i.e. with equal overlaps with all views of a given
by simulation that in an attractor network in which the object). Further, for simplicity, we also assume that the
storage capacity can be rigorously investigated, the networknetwork is fully connectedV;i,j : d; = 1), although the
can perform well at invariant object recognition when the result can easily be extended to accommodate dilute
different exemplars of each object are associated together inconnectivity.
a synaptic matrix of the type that could be set up by the The effective current (or local field) to neurérgiven
operation of a trace learning rule (see Wallis and Rolls network state {;} (wherej = 1,...,N) is:
(1997) and Rolls and Milward (2000).

N N P, s
l o
h=S siv=-— - AP Y (14)
! ;‘ L Na(l - a) j?éi %‘ ; ! ! !
Appendix A. Pattern domain using 7 = (0™ — a).

To simplify the analysis, we change network state

Identical results to the above can be obtained with an representation: individual neuronal activities-1,+1)
arbitrary choice of binary pattern values: the [0,1] language pecome (0,1) byy = 2,,J! — 1. We then separate object
used above was purely for notational convenience, with g's contribution 3‘30 from R, the sum of the contribu-
[—1,+1] (Gardner, 1987; Hopfield, 1982) or whatever tion of all objects different fronB,. The signal and noise
able to be used without incident. The necessary changescomponents of the effective current @‘@ andR, respec-
to the above formalism are, first, to change the pattern tively, given by:
generation, distortion, and translation formulae so that arbi-
trary minimum &,,) and maximum £, token values are 2 NS Y By B
used rather than the implied 0 and 1. The new translation " = Nal-a) > A v + R= g + R(19)
function, for example, becomes: 7y

Note that the representation change means that the original

g = { 1 1= &min (12) signal is effectively decomposed into two components: one
+1 | = &nay proportional tov’, represented bﬁB"; and one independent
of »' and with zero mean, which is thus includedRn
Second, rava is no longer the pattern mea#, ), and thus The magnitude oR is a random quantity with mean zero
the synaptic matrix calculation becomes: and variance proportional to network loadinng and is

independent of both the object-specific sign@g")

d; P, S fu o By and the neuroni) in which the current applies. For
7i = 2Nd DD =X - &) 13 our purposes here it is sufficient simply to note tRaauses
§7 Pl prl a random fluctuation of ordet in the effective current to
5. _ any neuron.
whereoy is the pattern variance. Dropping the object index frong®, and defining the

Note that the effect of these changes is to make explicit overlap of the network state with a given view as:
the separation between the particular values chosen for the
pattern domain and the actual neuronal outputd @s = 1 N n
prescribed by®, thence building an identical synaptic - mlzm i (16)
matrix independent of the specifig,, and &na chosen.
Since these domains may well be differegf X may not the signal can be expressed as:
be the identity function), performance evaluation through- s
out this work is based on state/patterarrelation rather S = ZZ Ayt m? (17)
than simple overlap. v
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We can then use the assumption of object attractor symme-References
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S
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“

19

The signal at neurongiven that the network is in an object
attractor state is, therefore, proportional to the sum of the
differences between the activity value of neurom all
views of that object and the neuron’s mean activity. As
we will now show, given the stochastic nature of the

Amit, D. J. (1989).Modelling brain function Cambridge: Cambridge
University Press.

Amit, D. J., Gutfreund, H., & Sompolinsky, H. (1985). Spin-glass models of
neural networksPhysical Review A32 (2), 1007-1018.

Bienenstock, E., & von der Malsburg, C. (1987). A neural network for
invariant pattern recognitiorEurophysics Letterst, 121-126.

Booth, M. C. A,, & Rolls, E. T. (1998). View-invariant representations of
familiar objects by neurons in the inferior temporal visual cor@@sre-
bral Cortex 8 (6), 510-523.

Dotsenko, V. S. (1988). Neural networks: translation-, rotation-, and scale-
invariant pattern recognitiodournal of Physics A21, L783-L787.

Fadiak, P. (1991). Learning invariance from transformation sequences.
Neural Computation3, 194—200.

Gardner, E. (1987). Maximum storage capacity in neural netw@ks-
physics Letters4 (4), 481-485.

Griniasty, M., Tsodyks, M., & Amit, D. (1993). Conversion of temporal
correlations between stimuli to spatial correlations between attractors.
Neural Computation5 (1), 1-17.

patterns which represent the views, there are certain valuesGross, C. G., Desimone, R., Albright, T. D., & Schwartz, E. L. (1985).

of the parameters and a for which there is a non-zero
chance that this sum (the varialdewill vanish. Wherez
is zero, the receiving neuron will be driven entirely by the

noise component of the current: the subsequent state will be

random, and thus any object state would be destabilised.
The explanation requires the probability taa@anishes, a

value which depends on the probability distribution of the

n;. This distribution can be interpreted as the fraction of

neurons which receive zero signal, able to be calculated as

follows.

The variablez can takes + 1 different values, depending
on the numbek of views in which neuron takes the value
1. One can use this number to parametrisgincez = z, =
k — sawherek = 0, ...,s. One immediately sees thatrif=
sais an integerzwill vanish at one or more non-zero values
of k (i.e. wherek = 1, ..., n). The probability distribution of

Z is simply:

L _ kea  ns—k s!
Pzi;=k—-sa=a(1—-a) 4“(5_ 01 (B7)
and thus, for givenia, s) such thatsa= n is an integer, the
fraction pg of neurons driven solely by noise is:

Pr= D P(z) (B8)
k=1

As an example, ifa= 0.5 ands=4 so pg = 5/8. This
means that if the network were originally in an object
state, the very next iteration would result in more than
half of the neurons updating according to noRealone.

Since this noise is uncorrelated with the signal, an average

fraction ofpr/2 neurons will update incorrectly, making this
state highly unstable.

This analytical result agrees with the numerical results of
Fig. 5, such that for each number of views per obgdthe

Inferior temporal cortex and pattern recognitid&xperimental Brain
Research Supplemenitl, 179-201.

Hopfield, J. J. (1982). Neural networks and physical systems with emergent
collective computational abilitied?roceedings of the National Acad-
emy of Sciences USA9 (8), 2554—2558.

Miyashita, Y. (1998). Neuronal correlate of visual associative long-term
memory in the primate temporal cortéxature 335(6193), 817-820.
Miyashita, Y., & Chang, H. S. (1988). Neuronal correlate of pictorial short-
term memory in the primate temporal cort®ature 331(6151), 68—70.
Parga, N., & Rolls, E. T. (1998). Transform-invariant recognition by asso-
ciation in a recurrent networkleural Computationl0(6), 1507-1525.
Rolls, E. T. (1992). Neurophysiological mechanisms underlying face

processing within and beyond the temporal cortical visual afaito-
sophical Transactions of the Royal Society of London B: Biological
Sciences335(1272), 11-21.

Rolls, E. T. (1994). Brain mechanisms for invariant visual recognition and
learning.Behavioural Processe83 (1/2), 113-138.

Rolls, E. T. (1995). Learning mechanisms in the temporal lobe visual
cortex.Behavioural Brain Researcl66 (1/2), 177-185.

Rolls, E. T. (1997). A neurophysiological and computational approach to
the functions of the temporal lobe cortical visual areas in invariant
object recognition. In M. Jenkin & L. Harris (Eds.{omputational
and psychophysical mechanisms of visual codi(mp. 184—220).
Cambridge: Cambridge University Press.

Rolls, E. T., & Milward, T. J. (2000). A model of invariant object recogni-
tion in the visual system: learning rules, activation functions, lateral
inhibition, and information-based performances measuréteural
Computationin press.

Rolls, E. T., & Tovee, M. J. (1995). Sparseness of the neuronal
representation of stimuli in the primate temporal visual cordexirnal
of Neurophysiology73 (2), 713-726.

Rolls, E. T., & Treves, A. (1998)Neural networks and brain function
Oxford: Oxford University Press.

Sutton, R. S., & Barto, A. G. (1981). Towards a modern theory of adaptive
networks: expectation and predictioRsychological Review88 (2),
135-170.

Tanaka, K., Saito, H., Fukada, Y., & Moriya, M. (1991). Coding visual
images of objects in the inferotemporal cortex of the macaque monkey.
Journal of Neurophysiology6 (1), 170—189.

Treves, A. (1990). Graded-response neurons and information encodings in
auto-associative memorieBhysical Review A42 (4), 2418—-2430.

Treves, A. (1991a). Are spin-glass effects relevant to understanding realis-
tic auto-associative network3ournal of Physics A: Mathematical and
General 24 (11), 2645-2654.

values ofa which give a performance minimum are integer Treves, A. (1991b). Dilution and sparse coding in threshold-linear nets.

multiples of Is.

Journal of Physics A: Mathematical and Generad (1), 327—-335.



M.C.M. Elliffe et al. / Neural Networks 13 (2000) 225-237 237

Treves, A., & Rolls, E. T. (1991). What determines the capacity of auto- Wallis, G. M., & Rolls, E. T. (1997). Invariant face and object recognition

associative memories in the brailNetwork: Computation in Neural in the visual systemProgress in Neurobiology1 (2), 167-194.

Systems2 (4), 371-397. Yakovlev, V., Fusi, S., Berman, E., & Zohary, E. (1998). Inter-trial
Tsodyks, M. V., & Feigel'man, M. V. (1988). The enhanced storage capa- neuronal activity in inferotemporal cortex: A putative vehicle to

city in neural networks with low-level activityeurophysics Letters generate long term visual associatiohsature Neurosciencgel (4),

(2), 101-105. 310-317.



